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1. Introduction 

One of the algebraic structures that has emerged recently in the study of the 
operator product expansions of chiral fields in conformal field theory is that of 
a Lie conformal algebra [K]. Recall that this is a module L over the algebra of 
polynomials C[d] in the indeterminate d, endowed with a C-linear map 

L (g) L ^ C[A] (g) L , a^bi-^[axb], 

satisfying axioms similar to those of a Lie algebra (sec [DK, K]). 

Choosing a set of generators {a*}ie/ of the C[9]-module L, we can write: 

k 

where Q^^ are some polynomials in A and d. The commutators of the corresponding 
chiral fields {a'^{z)}i^i then are: 

fc 

Letting P^-' {x, y) = Q^j! {—x, x + y), we can rewrite this in a more symmetric form 
[a\z),a\w)] =Y,Pl\d.,d^){a\w)5{z - w)) . 

k 

We thus obtain axi H = C[9]-bilinear map (i.e., a map of H ^ //-modules): 

(1.1) L'S>L^{H®H)®hL, a®h^[a*b] 

(where H acts on H ® H via the comultiplication map A(9) = d ® 1 + 1 ® d), 
defined by 

[a' * a^] = Pl\d (g) 1, 1 eg) 5) ®H 0*= . 
fc 

Hence the notion of a A-bracket [axb] is equivalent to the notion of a ^-bracket 
[a * &], as introduced by Beilinson and Drinfeld [BD]. For example, the Virasoro 
conformal algebra Vir = C[9]£ with = {d + 2X)i corresponds to the Virasoro 

^-bracket 

(1.2) [l*l]^{l®d-d®l)®c[d](^- 

A Lie pseudoalgehra is a generalization of the notion of a Lie conformal algebra 
for which C[9] is replaced by the Hopf algebra H = ?7(i)), where is a finite- 
dimensional Lie algebra and /7(f) is its universal enveloping algebra. It is defined 
as an ff-module L endowed with an ff -bilinear map (1.1) subject to certain skew- 
symmetry and Jacobi identity axioms (see [BD, BDK] and Section 2.2 below). 
The name "pscudoalgebra" is motivated by the fact that this is an algebra in a 
pseudotensor category, as introduced in [L, BD]. Accordingly, the ^-bracket is also 
called a pseudobracket. 
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In [BDK] we gave a complete classification oi finite (i.e., finitely generated as an 
il-module) simple Lie pseudoalgebras. In order to state the result, we introduce 
a generalization of the Virasoro pseudoalgebra (1.2) defined for H = C[d], to the 
case H = C/(D), where is any finite-dimensional Lie algebra. This is the Lie 
pseudoalgebra VF(^) = if <8) f with the pseudobracket 

[(1 O a) * (1 b)] = (1 (g) 1) (1 <8) [a, b]) + (6 (g) 1) 0h (1 a) - (1 ig) a) ig)^ (1 O 6) . 

It is shown in [BDK] that all subalgebras of the Lie pseudoalgebra W{d) are simple 
and, along with current Lie pseudoalgebras Cur g = H ® q with pseudobracket 

[(1 (g) a) * (1 (g 6)] = (1 (g) 1) (g)H [a, b] , 

where g is a simple finite-dimensional Lie superalgebra, they form a complete list 
of finite simple Lie pseudoalgebras. 

The notion of a Lie pseudoalgebra is intimately related to the more classical 
notion of a differential Lie algebra. Let L be a Lie pseudoalgebra, and let y be a 
commutative associative algebra with compatible left and right actions of the Hopf 
algebra H. Then we define a Lie algebra AyL = Y (gi/ L with the obvious left 
i?- module structure and the following Lie bracket: 

[xl»Ha,y<»Hb] = ^{xf,){ygi)|»HC^, if [a * 6] = ^ (/, (g gi) (g// q . 

i i 

The main tool in the study of Lie pseudoalgebras and their representations is the 
annihilation algebra AxL, where X = H* is the commutative associative algebra 
dual to the coalgebra H. In particular a module over a Lie pseudoalgebra L is the 
same as a "conformal" module over the extended annihilation Lie algebra k AxL 
(see [BDK] and Section 2.3 below). 

The annihilation algebra of the Lie pseudoalgebra W{T)) turns out to be iso- 
morphic to the linearly compact Lie algebra of all formal vectors fields on a Lie 
group whose Lie algebra is d. This leads to a formalism of pseudo forms, similar to 
the usual formalism of differential forms, which allows us to define three series of 
subalgebras 5(0, %), -ff(f,X)i^) and K{d,9) of W{d). The annihilation algebras of 
the simple Lie pseudoalgebras W(J)), 5(5, x,w), H{Zi,x,<^) and K{p,9) are isomor- 
phic to the four series of Lie-Cartan linearly compact Lie algebras T40v, Sn, Pn 
(which is an extension of Hm by a 1-dimensional center) and if^v, where A'' = dimO. 
However, the Lie pseudoalgebras 5(0, x), H{p, x, w) and K{X), 9) depend on certain 
parameters Xj ^ and 9 due to inequivalent actions of t) on the annihilation algebra 
[BDK]. It is shown in [BDK] that these series of subalgebras along with their current 
generalizations, associated to subalgebras of t), exhaust all subalgebras of W(t)). 

The main goal of the present paper is to give a complete list and an explicit 
construction of all irreducible finite modules over the Lie pseudoalgebras W{J)) 
and 5(5, x)- A module will be called irreducible if it does not contain nontrivial 
proper submodules and in addition the action of the Lie pseudoalgebra on it is 
not identically zero (see Section 2.2 below). Representation theory of the series 
iJ((), X, t^) and K{^, 9) will be treated in sequel papers. 

The simplest example of a nontrivial W^(0)-module is the module = H (of 

rank 1 over H) given by: 

{f (g)a)*g = -(/ (g .ga) 1 , f,g E H , a (Ed . 

The corresponding module over the annihilation Lie algebra is just the representa- 
tion of the Lie algebra of all formal vector fields in the space of formal power series. 
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As in the latter case, the VF(t))-module is the first member of the pseudo do 

Rham complex 

where = H , Q"" ^ /\"- D* , and N = dimO (see Section 5.2). 

The VF(c))-modules ^"(t)) of pseudodifferential forms are special cases of tensor 
modules T{U) = H ®U over associated to any fliO-module U, given by: 

N 

(1 * (1 ® u) = (1 «) 1) ®H (1 ® {a.Adi)u) + ^{dj ® 1) <»h (1 «)e^w) 
(1-3) j=i 

- (1 (8> di) (8>ij (1 (g) u) , 

where {di} is a basis of t) and e^9fc = 5].di (see Section 4.3). Then ^"■(0) = T(ri"). 

Furthermore, for a finite-dimensional t)-module 11 we define the twisting of T{U) 
by n by T (11, U) = H®{Ii®U) and by adding the term {1®1)®h{1® diu) in the 
right-hand side of (1.3). Then we have the Il-twisted pseudo de Rham complex of 
M^(i))-modules: 

^ T(n, fi°) ^ T(n, 1^1) iii. . . . T(n, i^^) 

(see Section 5.3). 

The first main result of the present paper (Theorem 6.6) states that: 

(a) The W(D)-module T(n, U) is irreducible if and only if 11 and U are irre- 
ducible and U is not isomorphic to one of the 0[i)-modules il" = /\" £)* for 

1 < n < TV = dimO; 

(b) The M^(c))-submodule dnT(n,f]") of T(n,f]"+i) is irreducible, provided 
that n is irreducible, for all < n < TV — 1; 

(c) The irreducible M^(c))-modules listed in (a) and (b) exhaust all irreducible 
finite W(())-modules. (The isomorphic modules among these are T(n, OP) 

~dnr(n,r!0).) 

The corresponding result for S'(£), x) is Theorem 7.6. We also describe the structure 
of submodules of the W{X>)- and S{X), x)-modules T(n, fi") (Lemmas 6.12 and 7.10). 

As in the Lie algebra case, the main part of the problem is the computation of 
singular vectors. However, in the Lie pseudoalgebra framework the calculations are 
much simpler. In particular, we obtain simpler and more transparent proofs of the 
results of Rudakov [Rl, R2]. 

In the case when 5 = k9 is 1-dimensional, the Lie pseudoalgebra Wiyd) is iso- 
morphic to the Virasoro pseudoalgebra Vir with the pseudobracket (1.2). Now 
Theorem 6.6 states that every irreducible Ty(k(9)-module is of the form T(n, ?7), 
where 11 is an irreducible k5-module and U is an irreducible gl^-module not iso- 
morphic to =0*. The module 11 is 1-dimensional over k and is determined by 
the eigenvalue a G k of 9. Similarly, U is 1-dimcnsional over k and is determined 
by the eigenvalue of Id e Qi^, which will be denoted by A — 1. If we denote the 
corresponding W^(k9)-module T(n, {/) by M(q;, A), then the module M(a, A) is 
irreducible iff A 7^ 0, and these are all nontrivial finite irreducible M^(k9)-modules. 
Thus we recover the classification result of [CK]. 

Note that the category of representations of a Lie pseudoalgebra is not semi- 
simple in general, i.e., complete reducibility of modules docs not hold. To study 
extensions of modules, as well as central extensions and infinitesimal deformations 
of Lie pseudoalgebras, one defines cohomology of Lie pseudoalgebras (see [BKV, 
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BDK]). The cohomology of the Virasoro conformal algebra Vir was computed in 
[BKV]. The cohomology o{W{l>) and its subalgebras will be computed in a future 
publication. 

2. Basic Definitions 

In this section, we review some facts and notation from [BDK], which will be 
used throughout the paper. We will work over an algebraically closed field k of 
characteristic 0. Unless otherwise specified, all vector spaces, linear maps and 
tensor products will be considered over k. We will denote by Z+ the set of non- 
negative integers. 

2.1. Preliminaries on Hopf AlgebrEis. Let H he a. Hopf algebra with a coprod- 
uct A, a counit e, and an antipode S. We will use the following notation (cf. 
[Sw]): 

(2.1) A(/i) = /i(i) 0/1(2), hGH, 

(2.2) (A (g) id) A(/i) = (id (g)A) A(ft.) = O h^2) 'Si h^s) , 

(2.3) (S'(g)id)A(/i) =/i(_i) (g)ft,(2), etc. 

Note that notation (2.2) uses coassociativity of A. The axioms of antipode and 
counit can be written as follows: 

(2.4) /i(-i)/i(2) = h(i)h(-2) = £(/i), 

(2.5) £(/l(i))/l(2) = /l(i)£(/l(2)) = h, 

while the fact that A is a homomorphism of algebras translates as: 

(2.6) O (/5)(2) = /(i)5(i) O /(2)5(2), f,9&H. 
Equations (2.4) and (2.5) imply the following useful relations: 

(2.7) /l(-l)/l(2) ® /i(3) = lSh = /l(i)/l(_2) <8) /l(3)- 

Let X = H* := Homk(ff, k) be the dual of H. Recall that H acts on X by the 
formula {h, f G H, x,y G X): 

(2.8) {hxJ) = {x,S{h)f), 
so that 

(2.9) h{xy) = {h(^)x){h(2)y). 

Moreover, X is commutative when H is cocommutative. Similarly, one can define 
a right action of H on X by 

(2.10) {xh,f) = {x,fS{h)), 
and then we have 

(2.11) ixy)h = {xh(^^)){yh(^2))- 
Associativity of H implies that X is an _ff-bimodulc, i.e., 

(2.12) fixg)^{fx)g, !,geH,xeX. 

Throughout the paper, H = U{X)) will be the universal enveloping algebra of a 
finite-dimensional Lie algebra 0. In this case, 

(2.13) A(a) =a(g)l + l0a, S{a) = -a, a G J) ; 
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hence, A is cocommutative and S'^ = id. Set N = dim 5 and fix a basis {9i}i=i,...,Ar 
oft). Then 

(2.14) d^'^ =di'---di^/h\---iN\, i = {h,...,iN)ez^, 

is a basis of H (similar to the Poincare-Birkhoff-Witt basis). Moreover, it is easy 
to see that 

(2.15) A{d'-^^)= J2 d^^^(^d'-^^- 

J+K=I 

For a multi-index / = {ii, . . . , zat), let |/| = ii H |-ijv- Recall that the canonical 

increasing filtration of H = U (O) is given by 

(2.16) [/(£))= spank{a(^M 1^1 < P} > P = 0,l,2,... 

and does not depend on the choice of basis of 0. This filtration is compatible with 
the structure of Hopf algebra (see, e.g., [BDK, Section 2.2] for more details). We 
have: F'^ H = {0}, F" i7 = k, F^ = k © 5. 

We define a filtration oi H (E) H in the usual way: 

(2.17) F"(if(g)iJ)= ^ F' (g) F^' . 

i+j=n 

The following lemma, which is a reformulation of [BDK, Lemma 2.3], plays an 
important role in the paper. (This lemma holds for any Hopf algebra H.) 

Lemma 2.1. (i) The linear maps 

H(g,H ^H(g,H, / O 5 (/ (8) 1)A(5) 

and 

H®H ^ H®H , f (g) g ^ {1(g) f)A{g) 

are isomorphisms of vector spaces. These isomorphisms are compatible with the 
filtration (2.17). 

(ii) For any H-rn,odule V , the linear maps 

H ®V {H ® H) (^hV , h®v ^ {h®l)®HV 

and 

H ®V ^ {H ® H)®hV , h®v^{l®h)®HV 
are isomorphisms of vector spaces. In addition, we have: 

(F" O k) Oh V" = F"(i? (g) iJ) F = (k O F" il) V" . 

Let us define elements xi <E X hy (xj, 9'-'^-') = Sj, where, as usual, (5/ = 1 if 
I = J and (5/ = if / ^ J. Then (2.15) imphes xjXk = -I'-.j+k', hence, 

(2.18) xi = {x^y----{x''y- , i = {i,,...,iN)ez^, 

where 

(2.19) x'=x,,, = (0,..., 0,1,0,..., 0), ?: = 1...., TV. 

i 

Therefore, X can be identified with the ring On = k[[t^, . . . , t^\[ of formal power 
series in N indeterminates. We have a ring isomorphism 

(2.20) ^p-.X^On, ^{x') = f , ip{xi) = ti , 
where ti is given by a formula similar to (2.18). 
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Let FpX ^ H)^ be the set of elements from X = H* that vanish on H. 
Then {Fp X} is a decreasing fihration of X such that F_i X = X, Xj Fq X ~ k, 
FqX/FiX ~ 0*. Under the isomorphism (2.20), the fihration {F^X} becomes 

(2.21) FpOw = (f\...,i^)f+iOjv, p= -1,0,1,... . 
This fihration has tlic following properties: 

(2.22) (F„X)(FpX) cF„+p+iX, J)(Fp X) C Fp_i X , (F^ X)c) C Fp_i X . 

We can consider as elements of 5*; then {x*} is a basis of 0* dual to the basis 
{di} of 0, i.e., (a;',aj) = Jj. 

We define a topology of X by considering {Fp X} as a fundamental system of 
neighborhoods of 0. We will always consider X with this topology, while H and 
I) with the discrete topology. Then X is linearly compact (see [BDK, Chapter 6]), 
and the multiplication of X and the (left and right) actions of 5 on it are continuous 
(see (2.22)). 

Example 2.1. When 5 is commutative, its left and right actions on Ojv coincide 
and are given by 9, i— > —d/dt^ iov i = 1, . . . ,N . 

The following lemma is well known (see also [Re, Section 6]). 

Lemma 2.2. Let c^j be the structure constants of 5 in the basis {di}, so that 
[di,dj] = J2 ^ij9k- Then we have the following formulas for the left and right 
actions of d on X: 

diX^ = -si - 4k^'' mod Fi X , 

k<i 

x^di = -51 + 4^;'= mod Fi X . 

k>i 

In particular, 

dix^ -x^di = -Y 4k^'' mod Fi X 

k 

is the coadjoint action of d on d* Fq X/ Fi X . 

Proof. We will prove the first equality. The second one is proved in the same way, 
while the third follows from the other two. If we express diX^ in the basis {xk} of 
X, we have 

diX^ = Y aKXK ax = {diX^ ,d^^^) , 

where d^^'^ '' are from (2.14). Since we are interested in diX^ mod Fi X, we need to 
compute aK only for \K\ < 1, i.e., only for 9^^^ = 1 or 9^^^ = dk- Using (2.8), we 
obtain 

{d,x\\) = -{x\d,) = -6\ , 

{dix\dk] = -{x\d^dk] = -{x^dkdi) - {x\ [di,dk]) ■ 

Ui < k, then didk is (up to a constant) an element of the basis (2.14) and didk ^ dj; 
hence, {x^,didk) =0. If i > A;, then by the same argument {x^,dkdi) = 0, while 
{x^ , [di, dk]) = c'ik- This completes the proof. □ 
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2.2. Pseudoalgebras and Their Representations. In this subsection, we recall 
the definition of a pseudoalgebra from [BDK, Chapter 3]. Let ^4 be a (left) H- 
module. A pseudoproduct on A is an i/-bilinear map 

(2.23) A<» A ~^ {H ® H) <S)H A, a<^b^ a*b, 

where we use the comultiplication A: H ^ H ® H to define {H (g) H) 0h A. A 
pseudoalgebra is a (left) i7-module A endowed with a pseudoproduct (2.23). The 
name is motivated by the fact that this is an algebra in a pseudotensor category, 
as introduced in [L, BD] (see [BDK, Chapter 3]). 

In order to define associativity of a pseudoproduct, we extend it from A<S: A^ 
F®2 A to (/f®2 ^^A)^A^ H'^^ A and to A^ {H'»^ 0^ A) H'^^ 0^ A 
by letting: 

(2.24) (/i (g)_y o) * 6 = ^ (/i ® 1) (A (g) id)(5i,) Ci , 

(2.25) a*{h®Hb) = ^{l(E>h) (id (E>A){gi) ®h Ci , 
where h G H^^, a,b G A, and 

(2.26) a*b = '^ QiigiH Ci with gt G H®'^ , a & A. 

Then the associativity property is given by the usual equality (in iJ®^ <S:h A): 

(2.27) {a *b) * c = a * {b * c) . 

The main objects of our study are Lie pseudoalgebras. The corresponding pseu- 
doproduct is conventionally called pseudobracket and denoted by [a * 6]. A Lie 
pseudoalgebra is a (left) i?-module equipped with a pseudobracket satisfying the 
following skew-commutativity and Jacobi identity axioms: 

(2.28) [5*a] = -(cr^ffid) [a*6] , 

(2.29) [[o *b]*c]^[a*[b* c]] - ((cr (g) id) (g)H id) [b*[a* c]] . 

Here, a: H ® H H ® H is the permutation of factors, and the compositions 
[[a *b]* c], [a * [6 * c]] are defined using (2.24), (2.25). 

Remark 2.1. Let A be an associative pseudoalgebra with a pseudoproduct a*b. 
Define a pseudobracket on A as the commutator 

(2.30) [a * 6] = a * 6 — (cr ®h id) (6 * a) . 
Then, with this pseudobracket, A is a Lie pseudoalgebra. 

Example 2.2. For any k-algebra A, let its associated current iJ-pseudoalgebra be 
Cur A = H ^ A with the pseudoproduct 

(2.31) {f ®a)*{g®b) = {f ® g) Ojj (1 O ab) . 

Then the //-pseudoalgebra Cur ^4 is Lie (or associative) iff the k-algebra A is. 

The definitions of modules over Lie (or associative) pseudoalgebras are obvious 
modifications of the above. A module over a Lie pseudoalgebra i is a left iJ-module 
V together with an iJ-bilinear map 

(2.32) L<SiV ^ {H (S: H) (»H V , aiSiVh^a^v 
that satisfies {a,b & L, v £ V) 

(2.33) [a*b]*v = a* {b*v) — {{a iSi id) 0jj id) (6 * (a * v)) . 
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An L-module V will be called finite if it is finite (i.e., finitely generated) as an 
i?-niodule. The trivial L-module is the set {0}. 

A subspace C V is an L-suhmodule if it is an iJ-submodule and L *W C 
{H (g) H) iS)H W. (Here L * W is the linear span of all elements a*w, where a G L 
and w G W.) A submodule W C V is called proper \iW . An L-modnlc V 
is irreducible (or simple) if it does not contain any nontrivial proper L-submodules 
and L * y 7^ {0}. 

Let U and V be two L-modules. A map (3: U — > ^ is a homomorphism of 
i-modules if (3 is ff-linear and it satisfies 

(2.34) ((id®id) (8)H /3)(o *u) = a */3(u) , a&L,ueU. 

Remark 2.2. (i) Let y be a module over a Lie pscudoalgebra L and let W be an 
if-submodule of V . By Lemma 2.1(ii), for each a e L, w G we can write 

1(^7.1 

where the elements v'j are uniquely determined by a and v. Then C y is an 
i-submodule iff it has the property that all v'j &W whenever v & W. This follows 

again from Lemma 2.1(ii). 

(ii) Similarly, for each a G L, w €E we can write 

and W is an L-submodule iff v'j G W whenever v G W. 

Example 2.3. Let L be a Lie pseudoalgebra, and let V be an L-module, which is 
finite dimensional (over k). Then the action of L on y is trivial, i.e., L*V = {0}. 

Indeed, since dimLT = oo, every element w G V is torsion, i.e., such that hv = for 
some nonzero h Cz H . Then the statement follows from [BDK, Corollary 10.1]. 

2.3. Annihilation Algebras of Lie Pseudoalgebras. For a Lie ff-pseudoalgebra 
L, we set A{L) = X ®h L, where as before X = H*. We define a Lie bracket on 
£ = A{L) by the formula (cf. [BDK, Eq. (7.2)]): 

(2.35) [x Oh a, t/ Oh &] = ^ {xfi){ygi) Oh Cj , if [a * 6] = ^ (/j O Qi) Oh c, . 

Then £ is a Lie algebra, called the annihilation algebra of L (see [BDK, Section 7.1]). 
We define a left action of -ff on £ in the obvious way: 

(2.36) h{x Oh a) = hx Oh a. 

In the case H = U{d), the Lie algebra O acts on C by derivations. The semidirect 
sum £ = 5 x £ is called the extended annihilation algebra. 

Similarly, if F is a module over a Lie pseudoalgebra L, we let A{V) — X Oh V, 
and define an action of £ = A{L) on A{V) by: 

{2.37) {xiSiHa){y<S:Hv) =^{xfi){ygi)<S:HVi, if a * t; = ^ (/i O ffi) Oh . 

We also define an if-action on A{V) similarly to (2.36). Then A{V) is an £-module 
[BDK, Proposition 7.1]. 
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When L is a finite i?-module, we can define a filtration on L as follows (see 
[BDK, Section 7.4] for more details). We fix a finite-dimensional vector subspace 
Lq of L such that L = HLq, and set 

(2.38) FpC = {x(g>H a € C\ X eFpX , a € Lo} , p > -I . 
The subspaces Fp C constitute a decreasing filtration of £, satisfying 

(2.39) [F„£,Fp/:] cF„+p_,£, 5(Fp £) C Fp_i £ , 

where i is an integer depending only on the choice of Lq . Notice that the filtration 
just defined depends on the choice of Lq, but the topology it induces does not 
[BDK, Lemma 7.2]. We set Cp = Fp+^£, so that [£„,£p] C Cn+p- In particular, 

Cq is a Lie algebra. 

We also define a filtration of C by letting F_i £ = £, Fp £ = Fp £ for p > 0, and 
we set £p = Fp+^ £. An £- module V is called conformal if every v G V is killed 
by some Cp-. in other words, if F is a topological £-module when endowed with the 
discrete topology. 

The next two results from [BDK] will play a crucial role in our study of repre- 
sentations (see [BDK], Propositions 9.1 and 14.2, and Lemma 14.4). 

Proposition 2.1. Any module V over the Lie pseudoalgebra L has a natural struc- 
ture of a conformal C-module, given by the action ofVonV and by 

(2.40) {x(S'Ha)-v = ^{x,S{figi(^_i^))gi^2)'"i, if a*v = ^{fi® gi) ®h Vi 

for a € L, X e X, V €V. 

Conversely, any conformal C-module V has a natural structure of an L-module, 
given by 

(2.41) a*v= {S{d^^^) (g>l)(E)H {{xi 0h a) ■ v) . 

Moreover, V is irreducible as an L-module iff it is irreducible as an C-module. 

Lemma 2.3. Let L be a finite Lie pseudoalgebra and V be a finite L-module. For 
p>-l-e, let 

keipV = {v eV \ Cpv = 0}, 

so that, for example, ker_i_^ V = ker V and V = [Jkeip V . Then all vector spaces 
keipV/ keiV are finite dimensional. In particular, if kerV = {0}, then every 
vector V gV is contained in a finite- dimensional subspace invariant under Cq . 

3. Primitive Lie Pseudoalgebras of Type W and S 

Here we introduce the main objects of our study: the primitive Lie pseudoal- 
gebras W{d) and 5(5, x) and their annihilation algebras W and <S (see [BDK, 
Chapter 8]). 

3.1. Definition of W{0) and S{d,x)- We define the Lie pseudoalgebra W^O) as 
the free i?-module H (^^ with the pseudobracket 

[(/0a)*(5 6)] = (/O5)Off (10[a,6]) 

^ ■ ' - (/ fita) <8)H (1 (8> 6) (/6 (g) 5) (8)H (1 O a) . 
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There is a structure of a W (d)-modulc on H given by; 

(3.2) {f^^a)*g^-{f(E)ga)(^Hl- 

Let X be a trace form on d, i.e., a linear functional from to k that vanishes on 
[5,0]. Define an if- linear map div"^; W{'£i) H by the formula: 

(3.3) div'^ (J2 hi ^di)=J2 Hdi + X{di)) . 
Then 

(3.4) 5(D, x) {s G W{-Q) \ div'^ s = 0} 

is a subalgcbra of the Lie pscudoalgcbra VK(c)). It was shown in [BDK, Proposi- 
tion 8.1] that S{p, x) is generated over H by the elements 

(3.5) Sab-^ {a + x{a))®'b- {b + x{b))®a-l®[a,h] for a, 6 €5. 

Pseudobrackets of the elements Sab are explicitly calculated in [BDK, Proposi- 
tion 8.1]. Notice that when dimO > 2, S'(0, x) is not free as an ii-module, because 
the elements Sab satisfy the relations [BDK, Eq. (8.23)]. 

Remark 3.1. If dimO = 1, then S(j3,x) = {0}. If dim!) = 2, the Lie pseudoalgebra 
5(5, x) is free as an if-module and it is isomorphic to a primitive Lie pseudoalgebra 
of type H (see [BDK], Section 8.6 and Example 8.1). 

Irreducible modules over primitive Lie pseudoalgebras of type H will be studied 
in a sequel paper. From now on, whenever we consider the Lie pseudoalgebra 
'S'(f,x)) we will assume that dimO > 2. 

3.2. Annihilation Algebra of W(D). Let W = ^(W(?))) be the annihilation 

algebra of the Lie pscudoalgcbra W(}}). Since W{^) — H (g) d, we have W = 
X ®H {H ®d) = X so we can identify W with X Then the Lie bracket 
(2.35) in W becomes {x,y G X, a,bG 0); 

(3.6) [x ^ a,y ^ b] = xy® [a, h\ — x{ya) 6 -|- {xb)y (g) a , 

while the left action (2.36) of on W is given by; h{x ® a) = hx ® a. The Lie 
algebra D acts on W by derivations. We denote by W the extended annihilation 
algebra J) k W, where 

(3.7) [d,x®ci\=dx®a, d,a€d,x£X. 

We choose Lq = k (8) as a subspace of W^O) such that W{'Ci) = HLq, and we 
obtain the following filtration of W; 

(3.8) Wp = FpW = FpX ®H Lo = FpX (Sd . 

This is a decreasing filtration of W, satisfying W-i = W and (2.39) for £ = 0. Note 
that W/Wo k (g) t) ~ D and Wq/Wi ~ 0* 9. 

Let us fix a basis {di}i=i^....N of 5, and let G X be given by (2.19). We can 
view x^ as elements of 5*; then {cc*} is a basis of 0* dual to the basis {di} of 0. Let 
el e fllO be given by e^dk = S-j^di; in other words, corresponds to di x^ under 
the isomorphism 0lO ~ (g) 5*. 

Lemma 3.1. In the Lie algebra W = X (g) 0, we have the following: 
[x^ (gidi,l(g)dk] = -Sil(g)di mod Wo, 
[x^ ®di,x^ ^ dk] = 5\ x^ ^dk-Six^ ^ di mod Wi . 
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Proof. This follows from (3.6) and Lemma 2.2. □ 

Corollary 3.1. For x G FqX, a G 0, the map 

a; (g) a mod Wi i— »• —a (g) {x mod Fi X) 

is a Lie algebra isomorphism from Wo/Wi to 000* ~ Under this isomorphism, 
the adjoint action of Wo/Wi on W/Wo coincides with the standard action of QiX) 
on 0. 

Proof. The above map takes ® di mod Wi to — G glJ). □ 

The action oi W{J)) on _ff induces a corresponding action of the annihilation 
algebra W = A{W{X))) on ^(i?) = X given by (2.37): 

(3.9) {x ® a)y = —x{ya) , a;, y G X, a G t) . 

Recall from Section 2.1 that we have a ring isomorphism (p: X ^ On, which is 
compatible with the corresponding filtrations and topologies (see (2.20), (2.21)). 
Since acts on X by continuous derivations, the Lie algebra W acts on X by 
continuous derivations. Hence, (3.9) defines a Lie algebra homomorphism 

(3.10) ^-.W ^Wn such that ip{Ay) = ip{A)ip{y) for A G W , G X , 

where Wn is the Lie algebra of continuous derivations of Ojv- 
There is a natural filtration of Wn given by 

(3.11) ¥j,WN^{D&WN\D{¥nON)<ZFn+pON for ah n}, p>-l. 
Explicitly, by (2.21), we have 

(3.12) VF^ = 1^ I /i G Fp 0;v I . 

The filtration (3.11) has the following important property for D G Wn'- 

(3.13) [D, Fp Wn] C Fp+„ Wn ^ D ^Y^Wn ■ 

Proposition 3.1. (i) We have: 

(f{x ® a) = (p{x)(p{l ®a), X € X , a Gd , 
d 

<.p{l®di) ^ modFol^iv, i-l,...,iV. 

(ii) The homomorphism (3.10) is an isomorphism and (^(Wp) = Fp Wn for all 
P > -1- 

Proof. Part (i) follows from (3.10) and Lemma 2.2. Part (ii) follows from (i) and 
(3.8), (3.12). □ 



The adjoint action of the Euler vector field 

N Q 

(3.14) E:=^f—GFoWN 



. , dp 
1=1 



decomposes Wn as a direct product of cigcnspaces Wn-j {j > —1), on which the 
action of E is multiplication by j. One clearly has: 

(3.15) FpWN = YIWn-j , FpWjv/Fp+iVFjv^M^jv;p. 

j>p 
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Notice that Wn;0 = ker(adi?) is a Lie algebra isomorphic to gl^ and each space 
Wn;p is a module over Wn;0- 

Definition 3.1. The prcimago £ = Lp^^{E) e Wo of the Euler vector field (3.14) 
under the isomorphism (3.10) will be called the Euler element of W. 

By Proposition 3.1 and Corollary 3.1, we have: 

JV 

(3.16) £ = - ^ a;* (8) mod Wi , i.e., £ mod Wi = Id e fltJ) ~ Wo/Wi . 

i=l 

3.3. The Normalizer A/yv- In this subsection, we study the normalizer of Hp 
(p > 0) in the extended annihilation algebra W. These results will be used later in 
our classification of finite irreducible W(J))-modules. 

Wc denote by ad the adjoint action of D on itself (or on H = U{l>)), and by coad 
the coadjoint action of on X = H*. For 9 e 0, we will also consider add as an 
element of git). Note that, by (2.8), (2.10), we have 

(3.17) (coada)a; = aa;-a;a, 9 6 5, a; eX. 

Since ad 9 preserves the filtration (2.16) of H, it follows that coad 9 preserves the 
filtration {FpX} of X. 

Lemma 3.2. (i) For 9, a G and x £ X, the following formula holds in W : 
[d + 1 <Si d,x <Si a] = (coad d)x <Sia + x<Si[d,a]. 

In particular, the adjoint action ofd+l<Sid€:WonWcW preserves the 
filtration {Wp}. 

(ii) The adjoint action of d+l<Sid on W/Wo coincides with the standard action 
of addeglV onO~ W/Wq. 

Proof. Part (i) follows from (3.6)-(3.8), (3.17), and the above observation that 
coad 9 preserves the filtration {FpX} of X. Part (ii) is obvious from (i). □ 

It is well known that all derivations of Wn are inner. Since W ~ Wn and £) acts 
on yV by derivations (see (3.7)), there is an injective Lie algebra homomorphism 

(3.18) 7: 0-^ W suchthat [d, A] = [-f{d), A] , dedcW,AGWcW. 

Definition 3.2. For d £ D, let d = d — j{d) G W, where 7 is given by (3.18). Let 
^ = (id -7)(t)) C W and A/W = ^1 + Wo C VV. 

Proposition 3.2. (i) The space V is a subalgebra of W centralizing W, i.e., 
[0, W] = {0}. The map d d is a Lie algebra isomorphism from X) toD. 

(ii) The space Afw a subalgebra of W, and it decomposes as a direct sum of 

Lie algebras, A/yv = f ffi Wo- 

Proof It follows from (3.18) that [d,A] = for ah 5 G 0, A e W. Then for 
d, d' e 0, we have 

[d, d'] = [d + 7(9), d' + 7(9')] - [d, d'] + [7(9), 7(9')] , 

which implies [9, d'] = [5, d'] since 7 is a Lie algebra homomorphism. This proves 
(i). Part (ii) follows from (i) and Definition 3.2. □ 
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Lemma 3.3. For every 9 G 0, the element d + 1 ® d — d belongs to Wo- Its 
image in Wo/Wi coincides with ad9 € glD ^ Wo/Wi. 

Proof. First note that d +l(^d -d = j{d) + l(g)d belongs to W. By (3.18) and 

Lemma 3.2(i), the adjoint action of this element on W preserves the filtration {Wp}. 
Therefore, by (3.13), -f{d) + 1 (g.(9 belongs to Wo- By (3.18) and Lemma 3.2(ii), its 
image in Wo /Wi coincides with ad d. □ 

Proposition 3.3. For every p>0, the normalizer of Wp in the extended annihi- 
lation algebra W is equal to Afw- In particular, it is independent of p. There is a 
decomposition as a direct sum of suh spaces, W = © A/yv- 

Proof. First, to show that W = c) ® Ayv, we have to check that W = c) ® ^ Wo 
is a direct sum of subspaces. This follows from Definition 3.2, Lemma 3.3 and the 
fact that W = © W, W = (k 0) © Wo as vector spaces. 

Next, it is clear that A/yy normalizes Wp , because [I), Wp] = {0} and [Wq, Wp] C 
Wp. Assume that an element 5 G 5 normalizes Wp. By (3.7), we obtain that 
in this case d{FpX) c 'PpX. However, one can deduce from Lemma 2.2 that 
d{FpX) = Fp_iX, which is strictly larger than FpX. This contradiction shows 
that the normalizer of Wp is equal to TVyy- D 

In order to understand the irreducible representations of Mw, we need the fol- 
lowing lemma, which appeared (in the more difficult super case) in [CK, Erratum]. 

Lemma 3.4. Let g be a finite- dimensional Lie algebra, and let go C g be either a 
simple Lie algebra or a 1- dimensional Lie algebra. Let I be a subspace of the radical 
of g, stabilized by ad go cind having the property that [go, a] = for a £ I implies 
a = 0. Then I acts trivially on any irreducible finite-dimensional g-module V. 

Proof. By Cartan-Jacobson's Theorem (see, e.g., [Se, Theorem VI. 5.1]), every a £ 
Radg acts by scalar multiplication on V. Let J = {a G I \ a{V) = 0}. Then 

[qo,i] c J. 

Now, if go is simple, then J is a go-submodule of I and, by complete reducibility, 
/ = J© J""" as go-modules for some complement J-*-. Hence, [go, J"""] = 0, so J-"- = 
and I = J. 

If instead go = ke is 1-dimensional, then [e,l] C J. If J ^ I, then ade: I ^ J 
is not injective, which is a contradiction. We conclude that J = I. □ 

An A/vv-module V will be called conformal if it is conformal as a module over 
the subalgebra Wo C Afw, i-e., if every vector v £V is killed by some Wp. 

Proposition 3.4. The subalgebra Wi C A/yv acts trivially on any irreducible finite- 
dimensional conformal Afw -module. Irreducible finite- dimensional conformal Nw- 
modules are in one-to-one correspondence with irreducible finite- dimensional mod- 
ules over the Lie algebra TVyy/Wi ^ 5 © g[0. 

Proof. A finite-dimensional vector space F is a conformal A/yv-niodule iff it is an 
A/yv-module on which Wp acts trivially for some p > 0, i.e., iff it is a module over 
the finite-dimensional Lie algebra g = A/yv/Wp = 5 © (Wo/Wp). 

We will apply Lemma 3.4 for / = Wi/Wp and go = k£ mod Wp C Wo/Wp , 
where £ G Wq is the Euler element (see Definition 3.1). Note that / C Radg 
and \£,I] C /, because [Wi,Wj] C Wj+j for all i,j. The adjoint action of £ 
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is injective on /, because a.dE is injective on FiWn / FpWN = Y[^=i^N;j (see 
(3.15)). We conclude that / acts trivially on any finite-dimensional conformal A/yy- 
module. Hence, we can take p = 1. Then g = 5 ® (Wo/VVi) ~ t) ® glD, since t) ~ J) 
and Wo/Wi ~ Qld. □ 

3.4. Annihilation Algebra of S{d,x)- Assume that N = dimd > 2. In this 
subsection, we study the annihilation algebra <S = A{S{'ii,x)) '■= X S{'ii,x) of 
the Lie pscudoalgebra S{d,x) defined in Section 3.1. Our treatment here is more 
detailed than in [BDK, Section 8.4]. 
We choose 

(3.19) Lo = spank{sa6 | a, 6 G 5} C 5(0, %) 

as a subspace such that 5(0, x) = HLq, where the elements Sab are given by (3.5). 
We obtain a decreasing filtration of S: 

(3.20) Sp = Fp+i S = Fp+i X^hLo, p > -2 , 

satisfying S-2 = S and (2.39) for i = 1. Then [<S„,<Sj,] C Sn+p for all n,p. 

The canonical injection of the subalgebra 5(5, x) into W^O) induces a Lie algebra 
homomorphism t: 5 — > W. Explicitly, we have: 

l{x s) = xhi(8)di gW = X 

(3.21) ^ 

for xgX, s = Y^hi(g>di€ 5(0, x) C W{<}) =H^<}. 

Here, as before, wc identify W ~ X (E)h W{d) with X (g) 0. 
We define a map div'^ : W X by the formula (cf (3.3)): 

(3.22) div>^ (J2 Vi ® 5,) = ^ Viidi + xidi)) . 
It is easy to see that 

(3.23) div^[A,B] = A{diY^B)-B{diY^A), A,BeW, 
whore the action of W on X is given by (3.9). This implies that 

(3.24) S:={AeW\ div^ ^ = 0} 

is a Lie subalgebra of W. It was shown in [BDK, Section 8.4] that S is isomorphic 
to the Lie algebra of divergence-zero vector fields 

(3.25) ^--(E/^|i^^-|E§ = 4- 

Lemma 3.5. If N = dimO > 2, the map (3.21) is an embedding of Lie algebras 
l: S ^S. 

Proof It follows from (3.3), (3.21) and (3.22) that 

a:;(div'^ s) = diY^ l{x (^h «) , x e X , s e W{d) . 

Therefore, l{S) is contained in 5. Next, note that for > 2, 5 is isomorphic to 
5jv by [BDK, Theorem 8.2(i)]. It is well known that the Lie algebra Sn is simple; 
hence, iS is simple. Since i is a nonzero homomorphism, it must be injective. □ 

Remark 3.2. When iV = dimO = 2, the Lie algebra 5 is isomorphic to P2, which is 
an extension of 52 = H2 by a 1-dimensional center (cf. Remark 3.1). In this case, 
the homomorphism (3.21) has a 1-dimensional kernel. 
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We will prove in Proposition 3.5 below that, in fact, l{S) = S. Recall that we 
have a Lie algebra isomorphism W ^ Wn, given by (3.10). However, although 
S ~ Sn C Wn, the image (p{S) C Wn is not equal to Sn in general. Instead, we 
will show that the images of (p{S) and Sn coincide in the associated graded algebra 
of Wn (see Proposition 3.6 below). 

Lemma 3.6. For every p> —1, we have 

^{S n W) c {Sn n Fp Wn) + Fp+i Wn • 

Proof. Take an element A = ^ (g) 9^ e Fp W; then each Ui G Fp X. By Propo- 
sition 3.1, we have ip{A) = J2 fifi^ where fi = ip{yi) S FpOAr. Since 
ip{l ® di) = -d/dt' mod Fq Wn, we have ip{A) = -Y, .h d/dV mod Fp+i Wn- 
It follows from (3.22) and Lemma 2.2 that ip{div^ ^) = - E dfi/dt' mod Fp On- 
If A G 5n FpW, then E dfi/df = mod FpOjv. Then there exist elements 
fi G Fp On such that fi = fi mod Fp+i On and Yl dfi/dV' = 0. This means that 
i := - E /i d/dt^ € 5jv n Fp Wn and ip{A) = A mod Fp+i Wn- □ 

Consider the associated graded of W, 

oo 

(3.26) gr W := grp W , grp W := Fp W/ Fp+i W . 
p=-i 

Note that, by (3.8), we have grp W — {gr^X) ® 0. Similarly, we have grp Wn ~ 

Eili {g-CpON)dldt\ The maps tp: X ^ On axid ^p: W ^ Wn (sec (2.20), (3.10)) 
preserve the corresponding filtrations and induce maps gr(p: grX gy On and 
gTip: grW grM^AT. Note also that the map div'^ : W ^ X takes FpW to 
Fp_i X, and hence induces a map grdiv'^ : grW ^ grX of degree —1. The same 
is true for the map div: Wn — > On given by div(E fi d/df) := E dfi/dV". Prom 
the proof of Lemma 3.6 we deduce: 

Corollary 3.2. The above maps satisfy 

N ^ d 

i=l 1=1 

and 

gr y> o gr div-^ = gr div o gr . 

The Lie algebra S has a filtration (3.20), while <S C VV has one obtained by 
restricting the filtration (3.8) of W. Using Lemma 3.6, we can prove that l is 
compatible with the filtrations. 

Proposition 3.5. Let S he the annihilation algebra of S{^,x), and let S GW be 
defined by (3.24). Then for dimO > 2, the map (3.21) is an isomorphism of Lie 
algebras l: S ^ S such that i{Sp) = <S fl Wp for all p> —1. 

Proof. It is clear from definitions that 

i{Sp) = Fp+i X Oh spank{so5} C Fp X Oh (k 0) = Fp X 5 = >% . 

In addition, t{S) C <S by Lemma 3.5; hence, i(«Sp) C <S fl Wp. 
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Conversely, let A £ S Wp. By Lemma 3.6, we can find A G Sn n Fp Wn such 
that ip{A) = A mod Fp+i Wjv- Any element of 5jv H Fj, Wn can be written in the 
form 

Now consider the following element of Sp-. 

N 

-4 := - ^ Vij ®H SOidj , Vij ■= V>~^{fij) G Fp+i X . 

Then wc have A E Sp and l{A) = A mod Wp+i. 

Let Ai ^ A - l{A); then Ai e 5 n Wp+i and A - e By the above 

argument, we can find an element Ai e Sp+i such that i{Ai) = A\ mod Wp+2- Let 
^2 = A\ —t{A\)\ then ^2 S <SnWp+2 and A\—Ai e i(5p+i). Continuing this way, 
we obtain a sequence of elements A„ G iSnyVp+„ such that A^ — j4„+i G t(iSp+„) for 
all n > 0, where := A. The sequence A„ converges to in W and A — An G t(>Sp) 
for all n > 0; therefore, ^ G i(5p). 

This proves that i{Sp) = 5 n Wp. Taking p = —1, we get i(<S) D '-(iS-i) = 5, 
because >V_i = W D iS. Now Lemma 3.5 implies that l is an isomorphism. □ 

Recall that any ring automorphism ip ofON induces a Lie algebra automorphism 
ip of Wn = DerOjv such that ip{Ay) = ijj{A)ip{y) for A G Wn, y G On- Any 
ip G Aut On preserves the filtration, because Fq On is the unique maximal ideal of 
On and FpON = (Fo 0^)^+1 for p > (see (2.21)). Then it follows from (3.11) 
that V preserves the filtration {Fp Wn}- 

Proposition 3.6. There exists a ring automorphism tp of On such that the induced 
Lie algebra automorphism tp of Wn satisfies f{S) = tpiSN) and 

(3.27) i^-id)(FpWN) cFp+^Wn, P>-1. 

Proof. In [BDK, Remark 8.2] the image <^(iS) is described as the Lie algebra of 
all vector fields annihilating a certain volume form. But any two volume forms 
are related by a change of variables, i.e., by a ring automorphism of On, and the 
subalgebra Sn corresponds to the standard volume form dt^A- - -Adt^ - Hence, there 
exists an automorphism ijj of On such that i^(«S) = iP{Sn)- Due to Corollary 3.2, 
we can choose tjj such that 

ilj{f)=f modFiOjv, i = l,...,N, 



i.e., such that gr'^ = id. Since the latter is equivalent to (3.27), this completes the 
proof. □ 

Corollary 3.3. The Lie algebra isomorphism ^^^ipir. S ^ Sn maps Sp onto 
Sn n Fp Wn for all p > — 1. In particular, <S_2 = S-i = S- 

Proof. By Proposition 3.5, t(5p) = S C] Wp. Then under the isomorphism ip: W ^ 
Wn, we have fiiSp) = (p{S) nFp Wn- But, by Proposition 3.6, fiS) = tp{SN) and 
V'(Fp Wn) = Fp Wjv; hence, ipb{Sp) = V'(S'jv n Fp Wn)- □ 
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Recall that Wn;p is the subspacc of Wn on which the adjoint action of the Euler 
vector field (3.14) is multiphcation by p. We let Sn-p = Sn n Wn;p- Since Sn is 
preserved by adE, it admits a decomposition similar to (3.15): 

(3.28) 5jv n Fp Wjv = n '^^^'i ' ('^^ ^ Wn)/{Sn n Fp+i Wn) ^ Sn;p ■ 

3>P 

The following facts about the Lie algebra Sn C Wn are well known. 

Lemma 3.7. (i) The Lie algebra Sn-o is isomorphic to sIn- 

(ii) For every p > —1. the SN-fi-rnodule Sn-p is isomorphic to the highest com- 
ponent of the sIn -module (g) (S^"*"^ k''^)*. In particular, Sn;p has no trivial com- 
ponents in its decomposition as a sum of irreducible slN-modules. 

(iii) The normalizer of Sn in Wn is Sn ® ^E. 

Definition 3.3. Wc let E = tjj{E) G Wn and £ = Lp'HE) G W, where E is the 
Euler vector field (3.14), (p is from (3.10) and ijj is from Proposition 3.6. 

Combining the above results with (3.16), we obtain the following corollary. 

Corollary 3.4. (i) The Lie algebra Sq/Si is isomorphic to slZ). 

(ii) For every p > —1, the {So /Si) -module Sp/Sp+i has no trivial siD- components. 

(iii) The normalizer of S in W is S + kf. 

(iv) £ belongs to Wq and its image in Wq/Wi coincides with Id G 2± Wo/Wi. 

3.5. The Normalizer A/5. In this subsection, we study the normalizer of Sp {p > 
0) in the extended annihilation algebra <S = 5 K <S. We will use extensively the results 
and notation of Sections 3.3 and 3.4, and we will identify iS with the subalgebra <S 
of W (see Proposition 3.5). 

Recall that the filtration {Sp} of S has the properties: <S_2 — S-i = S and 
[Sn,Sp] C Sn+p for all n,p. In addition, by Corollary 3.4, we have: Wo = <So + 
kf + Wi, where the element £ G Wo is from Definition 3.3. 

Lemma 3.8. For every 9 G 0, we have: 1 (g) 9 — {x{d)/N) f G 5 + Wi. 

Proof. As before, let {9i}i=i,...,]v be a basis of 0, and let a;* G X be given by (2.19). 
Denote by c^j the structure constants of in the basis {9,}, and let Xi = x{di) for 
short. Using (3.5), (3.21) and Lemma 2.2, we compute for i < j: 

i{x'' Sdi,aj ) = Xix" dj - Xjx" (g) 9i - a;' [di, dj] + x'di ig) dj - x^dj (g) di 
= Xix' dj - Xjx' 9i - ^ c^jX' ®dk-l^dj 

k 

+ ^ clkx'' 9j - ^ ci^x'' di mod Wi . 

k>i k>j 

From here, wc sec that the clement t(x* (E)h sg-^g ) + 10 9, belongs to Wq. Next, 
using Corollary 3.1, we find that the image of this element in Wo/Wi ^ glO has 
trace Xj- Therefore, by Corollary 3.4 (i), (iv), 

i{x' (S>H sg^.g^ ) + l®dj- (xj/N) £eSo + yVi, 

which implies Kg) dj - (xj/N) £eS + Wi. □ 

Lemma 3.9. For every d GD, we have: j{d) + 1 9 — (tr ad(9) /N) £ G iSq + Wi, 
where 7 is from (3.18). 
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Proof. By Lemma 3.3, 7(9) + 1 (8) 9 G Wo and its image in Wo/Wi coincides with 
add G git). Now the statement follows from Corollary 3.4 (i), (iv). □ 

Definition 3.4. For d GV, let 

7(5) = 7(5) + ((x - tr Sid){d)/N)£ G W , 

where 7 isjiven by (3.18). Let d = d - j{d), = (id-7)(i)) C W, and A/'s = 
V + So C W. 

Note that 

(3.29) d = d- {{x-tv&d){d)/N)e, del), 

where d is from Definition 3.2. 

Proposition 3.7. (i) We have 7(0) C S and d C S. 

(ii) The map d ^ d is a Lie algebra isomorphism from d to X). 

(iii) The Lie algebra d normalizes Sp for allp> —1. 

(iv) The Lie algebra 5 centralizes So /Si. 

Proof, (i) Combining Lemmas 3.8 and 3.9, wc get 7(9) G 5 + Wi for all 9 G f . On 
the other hand, we deduce from (3.18) and Corollary 3.4(iii) that j{d) normahzes 
<S. Hence, again by Corollary 3.4(iii), 7(9) G S + \s£. However, the intersection 
(<S + Wi) n (5 + ) is equal to S. Thisjhows that 7(9) G 5. ^ 

(ii) Recall from Section 3.3 that 9 1— > 9 is a Lie algebra isomorphism and D C W 
centralizes W. Then part (ii) follows from (3.29) and the fact that x ~ trad is a 
trace form on 0. 

(iii) and (iv) follow from (3.29), Corollary 3.4 (iii), (iv) and W] = 0. □ 

It follows from Proposition 3.7 that Ms is a Lie subalgebra of <S, isomorphic to 

the semidirect sum 5 k 5o. 

Proposition 3.8. For every p > 0, the normalizer of Sp in the extended annihi- 
lation algebra S is equal to Ms- In particular, it is independent of p. There is a 
decomposition as a direct sum of subspaces, 5 = 5® Ns ■ 

Proof. The proof is similar to that of Proposition 3.3. □ 

An TV^-modulc V is called conformal if it is conformal as a module over the 
subalgebra Sq C Ms, i.e., if every vector v £ V is killed by some Sp. 

Proposition 3.9. The subalgebra Si C Ms acts trivially on any irreducible finite- 
dimensional conformal Ms-module. Irreducible finite- dimensional conformal Ms- 

m,odules are in one-to-one correspondence with irreducible finite- dimensional mod- 
ules over the Lie algebra Ms /Si ~ c) ©slf . 

Proof. As in Proposition 3.4, the A/5-action factors via the finite-dimensional Lie 
algebra g := Ms/Sp for some p > 1. Recall that [<Si,5j] C Si+j for all i,j, so 
that / := Si/Sp is contained in the radical of g := So/Sp C g. Moreover, the 
quotient q/I ~ Sq/Si is isomorphic to the simple Lie algebraslS by Corollary 3.4(i). 
Therefore, I coincides with the radical of g, and we can lift g/7 to a subalgebra 
go of g isomorphic to sO. Then / is contained in the radical of g, and the adjoint 
action of go on g preserves it. Moreover, by Corollary 3.4(ii), / has no trivial 
go-components. We can now apply Lemma 3.4 to deduce that / acts trivially on 
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any irreducible finite-dimensional conformal A/s-module. Therefore, the A/s-action 
factors via Afs/Si. By Proposition 3.7(iv), d centralizes <So/iSi. Hence, Afs/Si is 
isomorphic to a direct sum of Lie algebras © (<So/<Si) ~ 3 ® 5I5. □ 

4. PsEUDO Linear Algebra 

In this section, we generalize several linear algebra constructions to the pseudo- 
algebra context. We introduce an important class of W^(0)-modules called tensor 
modules. 

4.1. Pseudolinear Maps. The definition of a module over a pseudoalgebra moti- 
vates the following definition of a pseudolinear map. 

Definition 4.1 ([BDK]). Let V and W be two i?-modules. An H -pseudolinear 
map from F to W is a k-linear map cf): V ^ {H ® H) W such that 

(4.1) = heH,vGV. 

We denote the space of all such cp by Chom(y, W). We will also use the notation 
(j) * V = (j){v) for (j) € Chom(V,W^), v €: V. We define a left action of H on 
Chom(y, W) by: 

(4.2) {h(t)){v) ^{{h®l)®Hl)<l){v). 
When V = W, we set Cend V = Chom(V, V). 

Example 4.1. Let A be an iJ-pseudoalgcbra, and let V be an A- module. Then 
for every a & A the map ma : V ^ {H ® H) (Sih V defined by ma{v) = a * ii is an 
if-pseudolinear map. Moreover, we have h nia = ruha for h G H. 

Remark 4.1. Given two homomorphisms of left il-modules (3:V'^V and 7: W 
W, we define a homomorphism 

(4.3) Chom(/3, 7) : Chom(V, W) Chom(y' , W) 
by the formula 

(4.4) ((id id) (g)ij 7) o o /? . 

Then we can view Chom(— , — ) as a bifunctor from the category of left iJ-modules 
to itself, contravariant in the first argument and covariant in the second one. 

Recall from [BDK, Chapter 10] that when \^ is a finite iJ-module, Cend V has 
a unique structure of an associative pseudoalgebra such that F is a module over it 
via (j)*v = (j){v). Denote by gcV the Lie pseudoalgebra obtained from CendF by 
the construction of Remark 2.1. Then V is also a module over gc V. 

Proposition 4.1 ([BDK]). Let L be a Lie pseudoalgebra, and let V be a finite 
H-module. Then giving a structure of an L-module on V is equivalent to giving a 
homomorphism of Lie pseudo algebras from L to gcV. 

Proof. If y is a finite i-module, we define a map p: L ^ gcF by a 1— > nia, where 
rua is from Example 4.1. Then p is a homomorphism of Lie pseudoalgebras (cf. 
[BDK, Proposition 10.1]). Conversely, given a homomorphism p: L gcV, we 
define an action o{LonVhya*v = p{a) *v. □ 
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In the case when V is a free _ff-niodule of finite rank, one can give an expUcit 
description of CendT^, and hence of gcV, as follows (see [BDK, Proposition 10.3]). 
Let V = H (Si Vo, where H acts trivially on Vq and dimVb < oo. Then CendV is 
isomorphic to H H (Si EndVo, with H acting by left multiplication on the first 
factor, and with the following pseudoproduct: 

(4.5) (/ (g) a (g) ^) * (5 (g) 6 O B) = (/ (g) 50(1)) Oh (1 (g) 6a(2) (g> AB) . 
The action of Cend V onV = H ^Vq is given by: 

(4.6) (/ (g a (g) A) * (/j (g) u) = (/ ha) 0h (1 Av) . 
The pseudobracket in gc V is given by: 

[(/ (g a (g) A) * (5 (g 6 (g) B)] = (/ (g) gati)) (Sh (1 <g ba,2) AB) 

(4.7) 

- (/6(i) g) (gff (1 ® a6(2) ® BA) . 
The action of gct^ on F is also given by (4.6). 

Remark 4.2. Let L be a Lie pseudoalgebra. Let V = H (SVq be a finite L-module, 
which is free as an iJ-module. For all a G L, v G Vq we can write 

(4.8) a * (1 (g) v) = ^ (/i Qi) (g>H (1 (g> Aiv) , 

where fi,gi € H, Ai e EndVo- Then the homomorphism L — > gcF is given by 
fi® Qi® Ai- This follows from (4.6) and the proof of Proposition 4.1. 

Example 4.2. (i) The action (3.2) of W{X)) on H gives an embedding of Lie 
pseudoalgebras W{t3) ^gcH = H®H,f^ai-^-f®a{fGH,ae'OC H). 
(ii) Consider the semidirect sum i? xi W(5), where H is regarded as a commutative 

Lie pseudoalgebra and W(()) acts on H via (3.2). Then we have an embedding 

H yi Wi^) ^ gcH given by g + / a ^ g (g) 1 — / (g) a for /, £ _ff , a e C -ff . 

Remark 4.3. For any Lie algebra g, we have a semidirect sum Cur 5 x: W{Vi), where 
Cur Q is defined in Example 2.2 and WiJO) acts on Cur g = H ®q via 

{f^a)*{g®B) = -{f®ga)®H{l'S>B), f,gGH,aeV,BGQ. 

Let Vo be a finite-dimensional g-module, and let p be the corresponding homo- 
morphism g siVo- Then we have a homomorphism of Lie pseudoalgebras 
Curg X W{'0) gc{H (g Vq), given by 

(4.9) ff^B + Z^ai-^-ff®!® p{B) - / a Id . 

4.2. Duals and Twistings of Representations. Let L be a Lie if-pseudo- 

algcbra, and let 11 be any finite-dimensional 5-module. We consider 11 as an L- 
module equipped with the trivial action of L and with the action of = £/(£)) 
induced from the action of 5. In particular, k has the trivial action of both L 
and H. 

Lemma 4.1 ([BDK]). Let L be a Lie pseudoalgebra. and let V,W be finite L- 

modules. Then the formula {a G L, v G V , 4> G Chom(y, W)) 

(4.10) {a * (j)) * V — a * {(p * v) — {{a id) (Sh id) {(p * {a* v)) 
provides Chom(y, W) with the structure of an L-module. 

Note that if /?: V ^ V and W ^ W are homomorphisms of X-modules, the 
map (4.3) is a homomorphism of L-modules. 
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Definition 4.2. (i) For any finite L-modulc V, the i-modulc D{V) = Chom(V, k) 
is called the dual oi V. U P : V ^ V is a. homomorphism of L-moduIes, we define 
a homomorphism D{/3) : D{V) D{V') as £>(/?) = Chom(/3, id) (see Remark 4.1). 
Then D is a contravariant functor from the category of finite L-modules to itself. 

(ii) For any finite L-module V and any finite-dimensional O-module 11, the L- 
module Tn{V) = Chom(£)(F), H) is called the twisting of F by H. If /3 : ^ ^ V^' is a 
homomorphism of L-modules, we define a homomorphism rn(/3) : T-a{V) Tu{V') 
as Tu{P) = Choni(_D(/3), id). Then Tu is a covariant functor from the category of 
finite L-modules to itself. 

Now let V be a free f/- module of finite rank, V = H (g) Vq, where H acts by left 
multiplication on the first factor and dimVo < oo. Then for any if -module W we 
can identify Chom(V, W) with H (g) {W <^Vq), where H acts on the first factor. 
Explicitly, by Lemma 2.1(ii), for any fixed v gVq, we can write 

(4.11) (j){l^v) = ^{hi^l)^HWi, 

where hi G H, Wi & W. Then ^ corresponds to the k-linear map Vq — »■ -ff (8) W, 

In particular, we have isomorphisms D(y) ~ H®Vq and Tn {V) ~ H Vq) 
as if-modules. Now we will describe the action of L on them. 

Proposition 4.2. Let V = H ®Vq he a finite L-module, which is free as an H- 
module. Let {vi} he a k-basis of Vq, and let {tpi} be the dual basis of Vq , so that 
ipiivj) = Sij. For a fixed a £ L, write 

(4.12) a*{l^Vi) = Y, ifij ® 9ij) (1 O Vj) 

j 

where fij,gij € H. Then the action of L on D{V) c± H i^iVq is given by 

(4.13) a * (1 (g) Vfe) = - ^ {fjk9jk(^_i) <8i 9jk(_2)) (l (8> Vj) • 

j 

The action of L on Tu{V) 2± (11 (g) Vb) is given by 

(4.14) a * (1 (g) u O Wj) = ^ (/ij (^^^(i)) ®H (l ® 5ij(_2)"® ■^j) • 

j 

Both (4.13) and (4.14) can be easily derived from the following lemma. 

Lemma 4.2. Under the assumptions of Proposition 4.2, the action of L on Chom(V', 11) ~ 
if (n Vq*) is given by 

(4.15) a * (1 (g) u (g) Vfc) = - ^ {f3k9jk(^_i) (g) 9ife(_2)) ®h (l ® gjk(^3)U (g) ipj) . 

j 

Proof. First, note that by (4.11), we have 

(4.16) (1 (g) U (g) V'/c) * (1 ® V^) = (1 (g 1) (g)H 5kiU . 

We will compute (a * (1 ig) u (g ipk)) * (1 (g Vi) using (4.10). The first term in the 
right-hand side of (4.10) vanishes because the action of L on 11 is trivial. By (2.25), 
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(4.12) and (4.16), the second term is equal to 

-((cr (g) id) id) ((1 (g) u (g) tpk) * (a* {1(E) Vi))) 

= - ^ (a (gi id) (1 (g ftj (g gij) (g// 6kjU 
j 

= -{fik (g 1 (gffjfc) iXlff u 

= -{fikgik(-i) ® ,gjfe(_2) ® 1) ®ff 9]k(^:i-^u , 

where we used (2.7) in the last equality. We will obtain the same result if we apply 
the right-hand side of (4.15) to 1 t;^ and use (2.24) and (4.16). □ 

Example 4.3. Consider H as a T4^(0)-module via (3.2). Then Tn(il) = H 
with the following action of W^(t)): 

(4.17) (1 (g) a) * (1 (g m) = (1 1) (g)jj (1 (g) au) - (1 (g a) (g^ (1 (g u) 
for a e 5, u s n. 

Remark 4.4. There is an embedding of Lie pseudoalgebras 

(4.18) W{d)^CuTdxiW{d), l(gaK^l(ga+l(ga, 

where the first summand is in Cur = (g 0, and the second one is in W{D) = 
i? (g 5. By Remark 4.3, the representation of on 11 gives rise to a homomorphism 
Cur c) XI W{^) gc{H (g) n). Composing (4.9) with (4.18), wc obtain a homomor- 
phism W^O) — > gc{H (g n), which corresponds to the VF(£))-module Tyi{H) from 
Example 4.3 (see Remark 4.2). 

Next, we will describe explicitly the homomorphisms D{fi) and T'n(/?) from Def- 
inition 4.2. 

Proposition 4.3. Let V ^ H ®Va and V' = H ® Vq be finite free H -modules. 
Let {vi} {respectively {v'j}) be a Vi-basis of Vq {respectively Vq), and let {ipi} 
{respectively {tjjl}) be the dual basis of Vq {respectively (V^')*)- ^^''^ ^ homomor- 
phism of H -modules (3: V ^ V , write 

(4.19) ^{\®Vi) = ^hij®v'j 

3 

where hij S H . Then we have: 

(4.20) D{P){1 = E ^(^i'^) ® 

3 

and 

(4.21) Tn(/3)(1 (g) M (g ■(;») = E hij^^^^ (g hij^_^^u (g v'^ . 

3 

By linearity, Proposition 4.3 follows from the following special case, which we 
formulate as a lemma for future reference. 

Lemma 4.3. Let V = H ®Vo and V = H ^Vq be finite free H -modules. For fixed 
h € H , B & Homk(K)) Vq), consider the homomorphism of H-modules p: V ^ V 
given by 

(4.22) /3(1 (g v) = /i (g , vgVq. 
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Then we have: 

(4.23) D{l3){l(S>i^') = S{h)(S){-4^' oB), V' e (K)* =Homk(Fo',k) 
and 

(4.24) Tn(/3)(1 ®u(i?)v) = ® /i(-2)W 'S) Bv , u e H , -y e Vb . 

Proof. The proof is straightforward from definition, and it is left to the reader. □ 

4.3. Tensor Modules for W(^). The adjoint representation of W{t)) — H ®X) 
gives rise to the following homomorphism of Lie pseudoalgebras W{X)) gc{H (^d) 
(see (3.1) and Remark 4.2): 

(4.25) 1 (g) a H^- 1 (g) 1 (g) ad a - 1 (g) a (g) Id +£« , 
where the pseudolinear map Sa is given by 

(4.26) ea(.9«'fo) = (6<g5) ®H (1 (g a) , g e H , b e D . 

In (4.25) we have identified gc{H (g £)) with H ® H ® EndO ; in this identification 

N 

(4.27) = Y^dj®l®4^ 

where {9i}i=i,...,Ar is a basis of and e^(5fc) = 
Lemma 4.4. T/ie map 

JV 

(4.28) 1 (g) (^1 ad^i + ^ 9j (g) ej') + 1 (g) 9^ 

is an embedding of Lie pseudoalgebras W{^) ^ (CurglO) xi W{p). 

Proof. The image of W{p) under the embedding (4.25) is contained in 

_ff ®k®End^ + i/(gj)(gidc if (g (g End 5 , 

which is isomorphic to (CurglO) x Wij}) by Remark 4.3. □ 

By Remark 4.3, for any finite-dimensional g[J)-module Vq, we have a homomor- 
phism of Lie pseudoalgebras (Curg[0) x W{X)) gcV , where V ^ H ® Vq. After 
composing it with the embedding from Lemma 4.4, we obtain a homomorphism 
Vr(D) gcV, i.e., a representation of W{^) on V. Explicitly, the action of 1^(0) 
on V is given by: 

AT 

(1 (g di) * (1 (g w) = (1 (g 1) ®H (1 (g {&ddi)v) + ^ {dj (g 1) ®H (1 (g ejw) 

(4.29) .^^ 

- (1 (g 9i) (gff (1 (g w) . 

Now let n be any finite-dimensional O-module. The twisting of F by 11 is 
Tjiiy) = (g (n (g Vb) with the following action of W{Xs) (see Proposition 4.2): 

N 

(1 (g ^j) * (1 w) = (1 (g 1) (1 (g (adai)«;) -I- ^ (^j 1) ®H (1 ig) e>) 

- (1 (g) ^i) (g)H (1 (g u;) -h (1 1) (1 ^iu;) 
for w G n Vo, where I) acts on the factor 11 and fllO acts on Vq. 



IRREDUCIBLE MODULES OVER FINITE SIMPLE LIE PSEUDOALGEBRAS I 



25 



Definition 4.3. Let 31 and 02 be Lie algebras, and let Ui be a fli-module (i = 1, 2). 
Then we will denote by Ui Kl U2 the (fli © 02)-inodule Ui (8> U2, where fli acts on 

the first factor and ^2 acts on the second one. 

The above formulas (4.29), (4.30) motivate the introduction of an important 
class of W(£))-modules. 

Definition 4.4. (i) Let Wq be a finite-dimensional (3 © 0[c))-module. The W{0)- 
module H (g) Wq, with the action of W(j)) given by (4.30) for w e Wq, is called a 
tensor module and is denoted as T(Wo). 

(ii) Let Wq = llKl Vq, where 11 is a finite-dimensional t)-module and is a finite- 
dimensional 0[J)-module. Then the tensor module T(Wo) will also be denoted as 
T{U,Vo). 

(iii) Occasionally, we will denote T(n, Vq) also by T(n, Vq, c), where Vb is viewed 
as a module over slO C and c G k denotes the scalar action of Id G 0li) on Vq. 

Remark 4.5. By definition, we have T{U, Vq) = rn(T(k, Vb)). 

Remark 4.6. Combining the embeddings (4.18) and (4.28), we get an embedding 
of Lie pseudoalgebras W{'0) ^ Cur(Z) © glO) xi W(5), 

JV 

(4.31) 1 O 9i (^1 O + 1 O ad^j + dj igi e{^ -|- 1 O . 

i=i 

Given a (Z) ©fl[J))-module Wq, the iy(Z))-module obtained from it by Remark 4.3 is 
exactly the tensor module T{Wo) = i? (g) Wq corresponding to Wq. 

5. Tensor Modules of de Rham Type 

Throughout this section, £) will be an iV-dimensional Lie algebra. We fix a basis 
{9i}i=i,...,Ar of J) with structure constants c^j-. [di,dj] = ^ c^jdk- Define elements 
e)€QlVhye){dk) = Sidj. 

5.1. Forms with Constant Coefficients. The material in this subsection is com- 
pletely standard; our purpose is just to fix the notation. For < n < iV, let 

N 

(5.1) 0" = A"5*, o = AV=0o". 

Set fi" = {0} if n < or n > A''. We will think of the elements of f2" as skew- 
symmetric n-forms, i.e., linear maps from /\" c) to k. 

Consider the cohomology complex of £) with trivial coefficients, 

(5.2) o^n'> ^---^n^, 

where the differential do is given by the formula (a G Oj G O): 
(doa)(ai A • • • A a„+i) 

(^•'^) = ^ {-iy^^a{[ai,aj] A ai A • • • A Oj A • • • A a^- A • • • A a„+i) 

i<j 

if n > 1, and doa — for a G $1° = k. Here a hat over a, means that the term Oi 
is omitted in the wedge product. 

For a G 5, define operators La - fi" — > f]"~^ by 

(5.4) (iaa)(ai A • • • A a„_i) = a{a A ai A • • • A a„_i) , Oj G I) . 
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For A e Qld, denote by A- its action on fl ; explicitly, 

n 

(5.5) {A ■ a){ai A ■ ■ ■ A an) = ^ {-iya{Aai A ai A • • • A Sj A • • • A a„) . 

i=l 

Then we have the following Cartan formula for the coadjoint action of : 

(5.6) (ada)- = dota + (-odo . 

This, together with dp ~ 0, implies that (ad a)- commutes with do. 

5.2. Pseudo de Rham Complex. Following [BDK, Section 8.3], we define the 
spaces of pseudoforms 17"(c)) = and VL{t}) = Hem = 0^^o ^"l^")- They are 

considered as iJ-modules, where H acts on the first factor by left multiplication. We 
can identify il"(()) with the space of linear maps from /\" X) to H , and i?®^(8)i/J7"(Z)) 
with Hom(A" 5, H®^). Note that f2"(i)) = {0} if n < or n > N. 

Let us consider H = U{d) as a left D-modulc with respect to the action a ■ h = 
—ha, where ha, is the product of a G C i? and h G H in H. Consider the 
cohomology complex of d with coefficients in H: 

(5.7) o^n"id) ^n\d) ^ ■■■ ^n^{d). 

Explicitly, the differential d is given by the formula (a € i^"(£i), cij S 9): 
(da)(ai A • • • A a„+i) 

= ^ {-ly^^ a{[ai, aj] A ai A ■ ■ ■ Aai A ■ ■ ■ Attj A ■ ■ ■ A a„+i) 

(5.8) 

+ ^ (— l)^a(ai A • • • A A • • • A a„+i) if n > 1, 

(da)(ai) = -aai ii a€n°{D) = H, 

where a hat over ai means that the term is omitted. Notice that d is iJ-linear. 

Proposition 5.1 ([BDK]). The n-th cohomology of the complex {n{d),d) is trivial 
for N = dimZ) and 1-dimensional for n = N. In particular, the sequence (5.7) 
is exact. 

Proof By Poincare duality H"(5,U'(5)) ~ H^-"(i), [/(&)*). But H"(D,?7(D)*) ~ 
H„(0, L''(0))* is trivial for n > and 1-dimensional for n = 0; see, e.g., [F]. □ 

Definition 5.1. The sequence (5.7) is called the pseudo de Rham complex. 

The following lemma provides another formula for the differential (5.8), which 
will be useful later. 

Lemma 5.1. For every a € fl", n > 0, and i = 1,...,N, consider the element 
1 (g) ia-a G ri"~^(£)). Then we have: 

N N N 

(5.9) d(l (g) L9,a) = J2dk^e'^a- ^ 1 ® 4;^^ 4" - 1 4i4a , 

k=l j,k,l=l k,l=l 

k<l k<l 

where the action of giV on O" is given by (5.5). 
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Proof. For n = 0, both sides of (5.9) are trivial; so we can assume that n > 1. 
Denote the three terms in the right-hand side of (5.9) by /32, /^s- Using (5.5), 
we compute for 1 < ii < • • • < i„ < Af: 

N n 
fc=l r=l 

and 

N n 

P2{di, A---AdiJ= ^ 1 ® {-iy+'+'SlSl4i aidi AdjAdi.A--- 

j,k,l=l r,s=l 
k<l r<s 

Adi^ A--- Adi^ A---AdiJ 

N n 

+ Yl 1] l®(-l)'+''5R4;a(5iAai, A---A5i, A-.-A^iJ. 

j,k,l=l s=l 
k<l 

Similarly, 

N n 

0s{di, A---AdiJ= YJ2^^ i-'^y^lAl a{diAdi,A---Adi^A---A dij . 

k,l=l s=l 
k<l 

These formulas, together with (5.8), (5.4) and the equation 

AT 

Y ^1^14:1^3 = [^ir-^9iA' r<S, ir<is, 

j,k.l = l 
k<l 

imply that d(l ® i-OiOi) = Pi — P2 — 03- □ 
Next, we introduce i7-bilincar maps 

(5.10) W{d)(g)n''{d) H®^r^H^"-~\^), 

(5.11) * : W{d) (E) n" (0) ^ H®^ (E)H , 
by the formulas: 

(5.12) (/ (8> a) (5 (g) a) = (/ (g) 5) (8)H , 

(5.13) w * 7 = ((id(X)id) d)(w 7) + w *^ (d'y) , 

for w = / <8) a G W^O), -f = g (Si a £ f2"(c)). Eq. (5.13) is an analog of Cartan's 
formula (5.6). Explicitly, we have (see [BDK, Eq. (8.7)]): 

{w * 7)(ai A • • • A a„) = — (/ <Si go) a{ai A - ■ ■ A an) 

n 

+ {-lYifai g) aia A oi A • • • A a, A • • • A a„) 

(5.14) U 

n 

+ Y (-!)'(/ ® g) a{[a, tti] A ai A • • • A Si A • • • A a„) e H^"^ 

i=l 

for n > 1, and w * 7 = — / ga foY j = g G r2°(£)) = H. Note that the latter 
coincides with the action (3.2) of W{'0) on H. 
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Theorem 5.1. The maps (5.11) provide each O"(0) with a structure of a tensor 
W{d)-module corresponding to the {d(BQl^) -module kKlfl", i.e., r2"(0) = T(k, 
The differential d: f2"+^(c)) is a homomorphism of W^O) -modules. 

Proof. Comparing (5.14) with (5.5), we obtain for a G fl"". 

(1 ® dk) * (1 (g) a) = -(1 (g) dk) (1 «) a) 

N 

+ (9, O 1) (1 (8> eia) + (101) (1 ^ (adafe)a) . 

i=i 

But this is exactly (4.29); hence, ^"(O) = r(k,f]"). 

To prove that d is a homomorphism, we have to check that it satisfies (2.34). 
This follows from (5.13) and d^ = 0. Indeed, replacing 7 with d7 in (5.13), we get 

w * (d'y) = ((id (g) id) d){w *^ dj) , 

while applying ((id(8>id) (8>ij d) to both sides of (5.13) gives 

((id(g)id) iS>H d){w * 7) = ((id® id) 'S)h d){w *i d7) . 
This completes the proof. □ 

5.3. Twisting of the Pseudo de Rham Complex. As before, let 11 be a finite- 
dimensional 0-module, which we consider as an i?-module. We will apply the 
twisting functor Tn (see Definition 4.2(ii)) to the pseudo de Rham complex (5.7). 
Note that, by Theorem 5.1 and Remark 4.5, we have Tn(0"(5)) = T(n,n"). We 

obtain a complex of W^(i))-modules 

(5.15) o^r(n,f20) ^r(n,rii) ^ ••• ^r(n,f^^), dn = Tn(d), 

which we call the H-twisted pseudo de Rham complex. 

It follows from (5.8) and Proposition 4.3 that the complex (5.15) coincides with 
the cohomology complex of d with coefficients in i? 11 considered with the action 

(5.16) a ■ {h®u) = —ha ®u + h®au, a€d,h&H,ueU. 

Lemma 5.2. The d-module i7 $511, equipped with the action (5.16), is isomorphic 
to ff (g) n with £) acting only on H via 

a{h (g> u) = —ha ®u, a £13 , h € H , u Gil. 

In other words, H ^11 is isomorphic to a direct sum of dim 11 copies of the 0- 
module H. 

Proof. Consider the linear map 

F: H igjU ^ H ^n, (g)/i(_2)U. 
Prom (2.7) it is easy to see that is a linear isomorphism and 

F^^{h (g) m) = (g) /i(2)W 
(see [BDK, Section 2.3] for a similar argument). Using (2.6) and (2.13), we compute 
F{—ha ig) u) = — (/ia)(i) (g (/ia)(_2)W 

= — /i(i)a g) /i(_2)W + g) a/i(_2)W = a ■ F{h (g> u) . 
This shows that F is an isomorphism of the corresponding D-modules. □ 
Now Proposition 5.1 and Lemma 5.2 immediately imply: 
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Proposition 5.2. The sequence (5.15) is exact. The image of dn in T(n, fi^) 
has codimension dim 11. 

Finally, let us give a formula for the differential dn, which is similar to (5.9). 

Lemma 5.3. For every a G fi", n > 0, u e 11, and i = 1, . . . ,N, we have: 

N N 

dn(l <S>u® ia,a) = dk®u® e^a -^^<S> dkU ® e'-a 

k=\ fc=l 

(5.17) N N 

- ^ l«)u®4;efe^.a- ^ l®u®c|^;e^a, 

j,k,l=l k,l=l 
k<l k<l 

where the action of Qld on 17" is given by (5.5). 

Proof. For a fixed i, extend by if- linearity the map tg^ to a map from f2"(j)) to 
f2"~^(c)). Note that, by Proposition 4.3 (or Lemma 4.3), we have 

(Tn('-a.))(l Om^Q;) = l^u^iOiCt. 

Consider the //"-linear map do tg.: fi"(^). This map sends 1 ® a to the 

right-hand side of (5.9). Hence, by Proposition 4.3, (Tn(d o Lg.)){l (8) w (8) a) is 
given by the right-hand side of (5.17). On the other hand, we have Tn(d o og.) = 
Tn(d) o Tn(iaJ, which gives dn(l w <8) tg^a) when apphed to 1 (g) u ® a. □ 

6. Classification of Irreducible Finite VF(t))-MoDULES 

In this section we provide a complete classification of all irreducible finite W{'0)- 
modules. Our main result is Theorem 6.6. 

6.1. Singular Vectors and Tensor Modules. Recall that the annihilation al- 
gebra W of W^O) has a decreasing filtration {Wp}p>-i given by (3.8). For a 
W-module V, we denote by kerp V the set of all w G V that are killed by Wp. 
Then a W-module V is conformal iff y = IJ kerj, V. Recall also that the extended 
annihilation algebra is defined as W = £) x W, where acts on W by (3.7). By 
Proposition 2.1, any W^(Z))-module has a natural structure of a conformal W-module 
and vice versa. ^ 

For every p > 0, the normalizer of Wp in W is equal to A/yy (see Definition 3.2 
and Proposition 3.3). Therefore, each ker^ V is an A/yy-module. In fact, kerp y is a 
module over the finite-dimensional Lie algebra TVyv/Wp = J) ® (Wo/Wp). The Lie 
algebra A/yy/Wi is isomorphic to the direct smn of Lie algebras d © gld. 

Definition 6.1. For a W(3)-module V, a singular vector is an element v €V such 
that Wi ■ V = 0. The space of singular vectors in V will be denoted by singF. 
We will denote by Psing : f © gl — > 0[(sing V) the representation obtained from the 
Avv-action on singl^ = keri V via the isomorphism Afw/Wi ~ c) © glO. 

Recall that ker V = ker_i V is the space of all f G F such that W -v = 0. Then, 
obviously, ker V C sing V. Note also that ker V = {0} when V is irreducible. 

Theorem 6.1. For any nontrivial finite W{d)-module V, we have singF ^ {0} 
and the space sing V/ ker V is finite dimensional. 
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Proof. The second statement is a special case of Lemma 2.3. To show that sing V ^ 
{0}, we can assume without loss of generality that kciV = {0}. Since V is a, 
conformal W-module, keipV ^ {0} for some p > 1. By Lemma 2.3, the space 
kerp V is finite dimensional. Let us choose a minimal A/Vy-submodule R of kerp V . 
Then R is an irreducible TVyy-module; hence, by Proposition 3.4, Wi acts trivially 
on R. This means that R C sing V . □ 

Remark 6.1. It follows from (3.8) and Proposition 2.1 that a vector v gV is singular 
if and only if 

(6.1) {l^d)*v€{F^H^-k)®HV, de<}, 

where = k ® D. Similarly, by Lemma 2.1(ii), a vector v gV is singular if and 
only if 

(6.2) {l®d)*v e {k(g)F^ H)(^hV , d€d. 

As before, let {5i}i=i,...,Ar be a basis of d, and let £ X he given by (2.19). We 
view a;' as elements of J)*; then {x*} is a basis of 0* dual to the basis {di} of 5. Let 
ej & giV be given by e^dk = dj^di; in other words, corresponds to 9, (g) under 
the isomorphism glO ~ 5 (g) 0*. 

Note that, by Definition 3.2 and Corollary 3.1, we have 

(6.3) /3sing(9)w ^d-v , psing{el)v = -(x^ (S)di)-v, d Ed, V e singy . 

Lemma 6.1. Let V be a W{'0) -module. Then for every singular vector v € singV, 
the action of T4^(0) on v is given by 

N 

(6-4) 

+ (1 (g) 1) ®H psingidi + ad di)v . 

Proof. Since Wi • = 0, it follows from Proposition 2.1 that for 9 e t) 

(1 (g) 5) * w = (1 (g) 1) (g)i/ (1 (g) 5) • w - ^ {dj (g 1) (g)H (a;-^' ®d)-v, 

j 

while Lemma 3.3 implies 

{d+liSid — d)-v = Psing(ad d)v . 
Combining the above equations with (6.3) proves (6.4). □ 

Corollary 6.1. Let V be a W{D)-module and let R be a nontrivial (0 © fltf)- 
submodule of singV. Denote by HR the H-submodule of V generated by R. Then 
HR is a W{'ii)-submodule of V. In particular, if V is irreducible, then V = HR. 

Proof It follows from (6.4) that W{D) * R C (H (g) H) (g)H HR. Then, by H- 
bilinearity, W{H) * HR C {H ® H) HR, which means that HR is a W{d)- 
submodule ofV. □ 

Let i? be a finite-dimensional (5 © 0[£))-module, with an action denoted as pu- 
Let V = H <S: R he the free il-module generated by R, where H acts by left 
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multiplication on the first factor. We define a pseudoproduct 

N 

(l(8)ai)*(l0M) = V(9j<8)l)0H(l(8)pij(e|)u)-(l0l)OH(5i(g)u) 

(6.5) 

+ {l^l)(g)H {l(E)PR{di + addi)u), ugR, 

and then extend it by i?-bilinearity to a map * : W{d) ®V ^ {H (g) H) iE)h V. 

Lemma 6.2. Let R be a finite- dimensional (O © Ql'0)-module with an action pu. 
Then formula (6.5) defines a structure of a W{'0)-module on V = H <S: R. We have 
k (g) i? C sing V and 

(6.6) psing(-4)(l(8)u) = l0pi?(A)«, Ae-0®Qli}, ueR. 

Proof. The fact that V is a W(c))-modulc can be proved by a straightforward com- 
putation, using (2.33) and (3.1). Instead, we will show that F is a tensor module 
(see Definition 4.4). Let us compare (6.5) to (4.30), keeping in mind that, by 
definition, 

(1 ® 1) {di (g) u) = {di 1) (1 u) + (1 (8) di) (10 m). 

We see that V = H(E)R coincides with the tensor module T(R), where R is equipped 
with the following modified action of ffi glS: 

(6.7) du= {pR{d)^ir{&Ad))u, d&d,u&R, 

(6.8) Au= {pr{A) -tTA)u, AeQld,ueR. 

The fact that k i? C singF follows from Remark 6.1, and (6.6) follows from 
comparing (6.4) with (6.5). This completes the proof. □ 

Definition 6.2. (i) Let be a finite-dimensional (5 ® 0l())-module with an action 
Pfl. Then the Ty(())-module H <S:R, with the action of W{'0) given by (6.5), will be 
denoted as V{R). 

(ii) Let R = Il^U, where 11 is a finite-dimensional 5-module and f/ is a finite- 
dimensional 0[t)-module. Then the module V{R) will also be denoted as V(n, U). 

Remark 6.2. If i? is a finite-dimensional (t) © ())-module, we can define an action 
of TVw on it by letting Wi act as zero. Then as a W-modulc, V{R) is isomorphic 

to the induced module Ind^^ R. This follows from the fact that W = £) © A/w as 
a vector space (see Proposition 3.3). 

For a Lie algebra q and a trace form x on q, we denote by k,^ the 1-dimensional 
0-module such that each a G g acts as the scalar x(a). Then (6.7) and (6.8) are 

equivalent to: 

(6.9) V(i?) =r(i?0(ktradSk_tr)), r(i?) = V(i?0 (k_te ad ^ktr)), 

This can also be written as follows (cf. Definition 4.4(ii)): 

(6.10) v(n,c/) = T(n0kt,ad,c^0k_t,), T(n,t/) = v(n0k_trad,c/0ktO. 

Theorem 6.2. Let V be an irreducible finite W{'0) -module, and let R be an irre- 
ducible (O ® Q['i))-submodule of smgV . Then V is a homomorphic image of V{R). 
In particular, every irreducible finite W{0)-module is a quotient of a tensor module. 
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Proof. By Corollary 6.1, we have V = HR. Consider the natural projection 

■k:V{R) = H HR = V , h^u^hu. 

Note that tt is if-linear. Comparing (6.4) with (6.5), we see that 

((id® id) 0ff 7r)((l O^i) * (1 0u)) = (1 9,) *u, i = l,...,N,ueR. 
By iJ-bilinearity, this leads to 

((id O id) tt) (a * w) = a * Tr{v) , a e W{X)) , v G V(-R) , 
which means that tt is a homomorphism of T4^(0)-modules (cf. (2.34)). □ 

6.2. Filtration of Tensor Modules. Let V{R) be a tensor VF(5)-module, as 
defined in Definition 6.2(i). Recall the canonical increasing filtration {F^i?} of H 
given by (2.16). We introduce an increasing filtration of V{R) = H R as follows: 

(6.11) FPV{R)=FPH^R, p=-l,0,.... 

Note that F"^ V{R) = {0}, F° V(-R) = k O i?. 
The associated graded space of V{R) is 

(6.12) grV(ii) = 0grPV(ii), gi^ViR) = {F^ H ^ R)/{FP-'^ H ^ R) . 

p>0 

We have isomorphisms of vector spaces: 

(6.13) gvPV{R)-grPH(S)RciSPd(S)R, 

where 5 is the p-th symmetric power of the vector space 5. 

Next, we study the action of the extended annihilation algebra W on the filtra- 
tion (6.11). 

Lemma 6.3. For every p > 0, we have: 
(i) ^-FPViR) CFP+^V{R), 
{ii) J\fwFPV{R) CFPV{R), 
(iii) Wi-FPV{R)CFP-^V{R). 

Proof. Part (i) is obvious from definitions, since 

d ■ {h®u) = dh®u, d ed , h e H , u e R. 

We will prove parts (ii) and (iii) by induction on p. For p = 0, we have F° V{R) = 
k® ii C singV(i?); hence, (ii) and (iii) hold by the definition of a singular vector. 
Now assume that (ii) is satisfied for some p>0. Then it is enough to show that 

A-{dv) €FP+^V{R) foraU A € Afw , d , v €FPV{R) . 

Note that, since W = d + J\fw (see Proposition 3.3), statements (i) and (ii) imply 
W-v C FP+^ V(i?). Then we have 

A ■ (dv) ^d-{A-v) + [A,d]-v&d- {Mw ■v) + W-vC FP+^ V{R) , 

by part (i) and the inductive assumption. This proves (ii). 

Similarly, assume that (iii) holds for some p > 0. Then we want to show that 

B ■ {dv) G FP V{R) for all B € Wi , d € d , v eFP V{R) . 

We have 

B ■ {dv) = d ■ {B ■ v) + [B,d] ■ V ■ {Wi ■ v) + Uw ■ V C FPV{R) , 
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by (i), (ii) and the inductive assumption, because [B,d] G Wo C A/Vv- This com- 
pletes the proof. □ 

Lemma 6.3(ii) implies that the Lie algebra A/yy acts on the associated graded 
space gr V(i?). By Lemma 6.3(iii), the same is true for the Lie algebra A/yy/VVi = 
© (Wo/Wi) ~ c) ® glc). This action is described in the next two lemmas. 

Lemma 6.4. For every d E d. h E H , u € R, we have 

d-{h®u) = h® pBid)u mod PP"^ V(i?) . 

Proof. The proof is by induction on p and is similar to that of Lemma 6.3(ii). First, 
for p = 0, we have F° = k and 1 (8) u G sing V{R). Hence, 9 • (1 u) = 1 (8) pR{d)u 
by (6.3), (6.6). 

Now assume the statement holds for h H, and consider d-{d'h®u) for d' € d. 
Note that, by Proposition 3.2(i),wejiave: [d,d'] = [d,d'+j{d')] = [d,d'] €0. Prom 
the inductive assumption, we get [d, d'] ■ (/i (8> m) € ^(-R)- Therefore, 

d ■ {d'h O m) = a' • (a • (/i (8> u)) mod F^ V{R) = d'h O pR{d)u mod F^' V{R) 
by the inductive assumption. □ 

Lemma 6.5. The action of glD ~ Wo/Wi on the space gr^' V(i?) ~ S^O (g) ii is 

given by 

A ■ {f ® u) ^ Af ® u + f ® pr{A)u , A e fllZ) , / e , M G i? , 
where Af is the standard action of gld on S^d. 

Proof. The proof uses the same argument as in Lemmas 6.3(ii) and 6.4, and the 
fact that via the isomorphisms Wo/Wi ~ and W/Wq — f the adjoint action 
[A, d] becomes the standard action of glV on J) (see Corollary 3.1). □ 

When R = 'n.^U, the above two lemmas can be summarized as follows. 

Corollary 6.2. We have gr^ V(n, U) c^U^ {S^ d ® U) as (O ® Qid) -modules. 

6.3. Submodules of Tensor Modules. Let T{R) = H (E) R he a tensor module 
(see Definition 4.4). We will assume that R is an irreducible finite-dimensional 
(5 ® f|[t))-module. Then R = IIM U, where 11 (respectively U) is an irreducible 
finite-dimensional module over d (respectively gO). In this case, T(R) — T(n, U). 

As usual, we fix a basis {di} of 0. Recall that the action of 1 (gi 9j G 1^(0) on an 
element l(8)uGk(8)i?C T{R) is given by (4.30). For us, it will be convenient to 
rewrite (4.30) as follows (making use of (2.13)): 

(1 ®5i) * (1 (g) m) = (1 (g) 1) (g>H (1 ® idi+addi)u) 

^ ' ' + X] (1 ® 1) i^j ® e>) - X] (1 ® ^j) (1 ® (^i + '^iV) • 

Introduce the following notation: 

JV 

(6.15) s{di,u) = dj iSi4u, ueR, i = l,...,N. 

By linearity, we define s{d,u) for all 9 G 5. Then s{d,u) does not depend on the 
choice of basis {di} oft) (cf. (4.26), (4.27)). 
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Since T[R) = H (S)R, any element v G T{R) can be written uniquely in the form 
(6.16) v= ^ d^^'> (i)Vi , VI eR, 

where d^^^ G H are given by (2.14). Note that the above sum is finite, i.e., vj ^ 
only for finitely many I. From (6.14)-(6.16) and if-bilinearity, we find 



(6.17) 



{l(^di)*v = J2i^ ® 9^'^) (1 {di + addi)vi) 
+ ^(l0 5«)(g),fs(5i 



I 

N 

- E E (1 ® 5(^)5,) (1 ® (e^' + 6i)vj) . 
I j=i 

Definition 6.3. The nonzero elements vj in the expression (6.16) are called co- 
efficients of V G T{R). For a submodule M c T{R), we denote by coeff M the 
subspace of R linearly generated by all coefficients of elements of M. 

Recall that T{R) has a filtration given by FPT{R) =F''H(S)R (cf. (6.11) and 
(6.9)). We have: F"^ T{R) = {0}, F° T{R) = k O i? and F^ T{R) = (k + 0) (g) i?. 

Lemma 6.6. For any nontrivial proper W{0)- submodule M of T{R), we have 
MnF° T{R) = {0}. 

Proof. Let Mo be the set of all u G .R such that 1 u G M. By (6.14) and 
Remark 2.2(i), we have: 

{di + a.ddi)u G Mo , (e- + Sf)u e Mo for ah i,j = l,...,N,u€Mo. 

This means that Mq is a (l) ® g[c))-submodule of R. Since R is irreducible, either 

Mo = {0} or Mo = R. In the latter case, we obtain M D H igi Mq = T{R), which 
is a contradiction. Therefore, M r\{k® R) = {0}. □ 

Corollary 6.3. // sing T(i?) = F°T(i?), then the tensor W{^)-module T{R) is 

irreducible. 

Proof. If M C T^{R) is a nontrivial proper submodule, then by Theorem 6.1 it 
contains a nonzero singular vector. This contradicts Lemma 6.6. □ 

Corollary 6.3 will play a crucial role in our classification of irreducible finite 
Vl^(J))-modules. 

Lemma 6.7. For any nontrivial proper W {J})- submodule M of T{R), we have 

cocff M = R. 

Proof. Pick a nonzero element v G M and write in the form (6.16). Then, for fixed 
I, the coefficient multiplying 1 (g) d^^^ in the right-hand side of (6.17) equals 

(6.18) s{di, u/) + 1 O diVi + terms in k (fliO + k) (coeff M) . 

By Remark 2.2(ii), this is an element of M. Hence, for each coefficient vj of v, 

we have efvi G coeff M. Then from (6.18) wc also get diVj G coeff M. Therefore, 
coeff M is a nontrivial {d © fll5)-submodule of R. But R is irreducible; hence, 
coeff M = i?. □ 
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Lemma 6.8. Let M be a nontrivial proper W{d)-submodule of T{R). Then for 
every 9 S and u G R, there is a unique element SM{d,u) S M such that 

(6.19) SM{d, u) = s{d, u) mod F° T{R) , 

where s{d,u) is given by (6.15). The element SM{d,u) depends linearly on both d 

and u. 

Proof. Uniqueness follows from Lemma 6.6. From uniqueness we deduce that 
SM{d,u) depends linearly on d and u. Then, to prove existence, it is enough 

to consider the case d = di and u = vj for some v E M (because R = coeff M by 
Lemma 6.7). In this case SM{di,vj) is exactly the element (6.18). □ 

Elements SM{d,u) will be used in the next subsection to determine all singular 
vectors of M. 

6.4. Computation of Singular Vectors. In this subsection, we continue to use 
the notation of Section 6.3. Our goal is to find all singular vectors of T{R) = 
T(n, U). Given a nontrivial proper M^(Z))-submodule M of T{R), we also find all 
singular vectors of M. These results will be used in Section 6.5 to classify irreducible 
finite W(J))-modules. 

First, we consider the case when the glO-action on R is trivial. 

Proposition 6.1. For any irreducible finite- dimensional ^-module H, we have: 

(i) singT(n,k) =F°r(n,k); 

(ii) T(n, k) is an irreducible W{0)-module. 

Proof. Pick a singular vector v e T(n, k), and write it in the form (6.16). Then, 
by (6.17), 

{l<»di)*v = ^{l<» a(^)) <»H (1 ® diVi) - ^ (1 ® a^Si) ®H (1 ® vi) . 
I I 

Now Remark 6.1 implies that vj = whenever |7| > 1. This proves (i). 

(ii) follows from (i) and Corollary 6.3. □ 

Lemma 6.9. For any irreducible finite- dimensional {O^Qid) -module R, the tensor 
W{'Ci) -module T{R) satisfies 

F" T{R) C sing r(i?) C Fi T{R) . 

Proof. First of all, by Proposition 6.1(i), we can assume that the glO-action on R 
is nontrivial. Since F'^T(ii) = k i?, the first inclusion follows from (6.14) and 
Remark 6.1. To prove the second one, pick a nonzero singular vector v and write 
in the form (6.16). Then (1 eg) 9i) * w is given by formula (6.17). The coefficient 
multiplying l^d^^^ in (6.17) is given by (6.18). By Remark 6.1, this coefficient must 
vanish whenever |/| > 1. Hence, s{di,vi) = for all i, which implies (gli))^/ = 0. 
Therefore, vj = 0. This proves that smgT{R) CF^ T{R). □ 

Lemma 6.10. An element 

N 

(6.20) w = ^afe(8>w'=eO(8>i?C T{R) 

k=l 

is a singular vector iff it satisfies the equations 

(6.21) {e{ + 5i)v^ + {e^i + Sfy = for all i,j,k = l,...,N. 
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In this case, for the action psing of glJ) on v, we have {see (6.15)): 

(6.22) Psi„g(e?)f = -s{di, v'') mod F° T{R) . 
Proof. As a special case of (6.17), we have: 

N N 

(1 (8> ^i) * = ^ (1 ® dk) Oh (1 O {di + &ddi)v'') + ^ (1 dk) <^h s{di,v'') 

k=l fe=l 

N 

- ^ (1 ® dkdj) ®H (1 <8) {ei + Si^) . 
k,j=i 

For k < j, the coefBcient multiplying 1 (g) dkdj is up to a sign equal to 

(6.23) 1 (g (ej + J^^'^ + 1 ® (e,^ + . 

By Remark 6.1, u is a singular vector iff this coefficient vanishes for all j, k. This 
proves (6.21). On the other hand, the coefficient multiplying 1 ^ dk is equal to 
s{di,v'') modulo F^T{R). Then (6.22) follows from (6.4). □ 

Our next result describes all singular vectors in a tensor VF(5)-module T{R). 

Theorem 6.3. For any irreducible finite- dimensional {D(BqI^) -module R, we have: 

(6.24) smgT{R)=Y°T{R) + {s{d,u) | 9 e , u € i?o} , 

where s{d,u) is defined by (6.15) and Rq is the subspace of all u G R satisfying the 
equations 

(6.25) (e^+,5^)efw + (e[+5[>f« = 0, i,j,k,l = l,...,N. 
The subspace Rq is either {0} or the whole R. 

Proof. When i? = IIKlk, (6.24) follows from Proposition 6.1(i), because in this case 
all s{d,u) = 0. Let us assume that the glO-action on R is nontrivial, and denote 
the space in the right-hand side of (6.24) by S. Notice that s{d,u) is a singular 
vector iff u e Rq, because for v = s{di,u) we have v'' = efu and (6.21) becomes 
(6.25). Hence, Lemmas 6.9 and 6.10 imply S C singT(i?). From these lemmas, we 
also deduce that the action psing of glJ) on sing T(i?) maps sing T(i?) into S. 

Consider the finite-dimensional glO-module sing T{R)/F°T{R). We claim that 
its decomposition as a direct sum of irreducibles does not contain the trivial g[5- 
module. Indeed, let v G sing T{R) be such that Psing(e*^)i; e F° T{R) for all i, k. 
We want to show that t; G F° T{R). Without loss of generality, we can assume that 
V eX)®R. Then, by (6.22), all s(9„ v^) = 0, and from (6.15), ej't;*^ = for all i, j, k. 
This implies w*^ = for all fc, and hence v — Q, which proves our claim. 

Therefore, the gl 0-action on sing T{R) / F° T{R) is surjective and sing T{R) = S. 
Next, it is clear that for i? = XIKlfJ we have i?o = nKIJ/o, where [/q is the subspace 
of all M e [/ satisfying (6.25). We claim that Uq is a ^[O-submodule of U . Since 
U is an irreducible glS-module, this would imply that either Uo — {0} or Uo = U. 
Now ifu € i?o, then v = s{di,u) is a singular vector for all I. By (6.22), all s{di,v'') 
are singular vectors too. Hence, = efu belongs to Rq for all k,l. Therefore, 
(0[5)i?o C -Ro, which implies (0[5)C/o C Uq. □ 

Corollary 6.4. // the W{d)-module T{R) is not irreducible, then equations (6.25) 
are satisfied for all u € R. 
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Proof. This follows from Corollary 6.3 and Theorem 6.3. □ 

Next, we find all singular vectors in a nontrivial proper M^(5)-submodule M of 
T{R). Recall the elements SM{d,u) G M, constructed in Lemma 6.8. 

Theorem 6.4. For any nontrivial proper ]¥{!)) -submodule M of T{R), we have: 

(i) singM = M nF^ T(i?) = {sm(5,m) \d€d, u € R}; 

(ii) singT(i?) = F°T(i?) ©singM as (O © 0[^)-morfit;es. 

Proof, (i) Note that singM C M CiF^ T{R) by Lemma 6.9. Conversely, pick 
v' G M n F^T{R), and write v' = v + 1 ^ u with v G X) 'S> R, u G R. Since 
1 (El u £ sing T(i?). the vector v' is singular if and only if v is. In the proof of 
Lemma 6.10 we saw that the coefficient multiplying 1 (g) dkdj in (1 0di)*v is up to 
a sign equal to (6.23). By Remark 6.1, (1 di) * v' has the same coefficient. Now 
Remark 2.2(ii) implies that the elements (6.23) belong to M. Hence, they vanish 
by Lemma 6.6. Then, by Lemma 6.10, v is & singular vector, and v' G singM. 

This proves the first equality in (i). The second equality follows from the first 
one. Lemma 6.8 and Theorem 6.3. 

(ii) The sum is direct because of Lemma 6.6. The equality follows from part (i). 
Lemma 6.8 and Theorem 6.3. □ 

Corollary 6.5. Let R be an irreducible finite- dimensional (J) (B Qld)-module, and 
let M,M' be two nontrivial proper W{'!))-submodules of T{R). Then singM = 
sing M'. 

Proof. Consider the canonical projection of (d © g[^)-modules 

TT : sing T{R) sing r{R) / F° T{R) C gr^ T{R) . 

By Theorem 6.4(ii), the restriction of tt to singM is an isomorphism. On the other 
hand, combining (6.10) with Corollary 6.2, we obtain isomorphisms of (0 ® f|l5)- 
modules 

F° T{R) ^UMU , g? T{R) ~ H K (5 (g) [/) , 

where 

R = n^U, n = n0k_trad, ?7 = C/(8)ktr. 
The glD-module U is irreducible. Say that Id G gtf) acts as the scalar c on U . Then 
it acts as c + 1 on 5 (g) t/. It follows that singM is precisely the set of all vectors 
V G sing T(ii) such that Id -v = (c+ l)v. The same is true for M' instead of M. □ 

6.5. Irreducible Finite W^(0)-Modules. This subsection contains our main re- 
sults about irreducible finite T4^(c))-modulcs. As before, let II (respectively U) be 
an irreducible finite-dimensional representation of 5 (respectively fllf). First, we 
determine which tensor W(£))-modules are irreducible. 

Theorem 6.5. The tensor W{i))-module T{I1,U) is irreducible if and only if, as 
a Qld-module, U is not isomorphic to for any n>l. 

Proof. Assume that T(n, U) is not irreducible. Then, by Corollary 6.4, equations 

(6.25) are satisfied for all u E R. In the special case i = j = k = I they give 

(6.26) {el + l)e> = for all u G R = IimU . 

We claim that the glS-module U is isomorphic to f2" := /\" 0* for some n. To prove 
this, first note that the matrix Id G fllO acts as a scalar on U, and the module U 
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remains irreducible when restricted to sld. Then U has a highest weight vector 
V, and the gO-module U is uniquely determined by its highest weight, i.e., by the 
eigenvalues Aj of e} on v. Furthermore, all Aj — Aj+i are non-negative integers 
(see, e.g., [Se, Chapter VII]). But by (6.26), all Ai = or — 1; hence the iV-tuple 
(Ai, . . . , A v) has the form (0, . . . , 0, —1, . . . , —1). The module fi" has such a highest 
weight, where the number of — I's is n. Therefore, U ~ fi", and the case n = is 
excluded by Proposition 6.1(ii). 

Next, recall the Il-twisted pseudo de Rham complex (5.15), and introduce the 
shorthand notation 

(6.27) T" := r(n, Jl") , /" := dn(r""^) C T". 

Since the differential dn is a homomorphism of W(t))-modules, the image /" is a 
submodule of T" for each n = 1, . . . ,N. It is easy to see from Proposition 5.2 and 
Lemma 5.3 that /" is nontrivial and proper. Therefore, the tensor modules T" are 

not irreducible for n > I. □ 

Corollary 6.6. Let R he an irreducible finite- dimensional {d (B Qld) -module. Then 
the W{'i}) -module T{R) is irreducible if and only if sing T(ii) = F°T(i?). 

Proof. In one direction, the statement is exactly Corollary 6.3. The opposite direc- 
tion follows from Theorem 6.3 and the proof of Theorem 6.5. □ 

Our next goal is to study the submodules /" of T" (see (6.27)). 

Lemma 6.11. For 1 < n < N , the W{p)- submodule 7" C T" has the following 
properties: 

(i) 7" is nontrivial and proper; 

(ii) sing/" dn(k ® n (5) 51""^); 

(iii) /" is generated by sing/" as an H -module; 

(iv) Any nontrivial proper submodule M of T" contains 7"; 

(v) 7" is an irreducible W{'Ci) -module. 

Proof, (i) is easy to see from Proposition 5.2 and Lemma 5.3. 

(ii) Formula (5.17) and Lemma 6.8 imply 

s/n (9i , M a) = dn ( 1 iX) M ® /-Si a) , u E H, a G 51" , i — 1, . . . , N . 

Then (ii) follows from Theorem 6.4(i) and the fact that fi""^ is linearly spanned 
by all idiCt. 

(iii) is obvious from (ii) and the //-linearity of dn- 

(iv) By Corollary 6.5, we have singM = sing/". Then M D //(singM) = 
//(sing/"), which is equal to /" by part (iii). 

(v) is obvious from (iv). □ 

Note that, from the exactness of the complex (5.15), we have /^ ~ T'^ = 

r(n,fi") = T(n,k). 

Lemma 6.12. For 1 < n < N — 1, I" is the unique nontrivial proper W{'i))- 
submodule of T". 

Proof. If M is a nontrivial proper submodule of T", it contains /". The image 

dn^ is a submodule of I"^^; hence, dnM is cither {0} or the whole /"+-'^. But 
the kernel of dn is equal to /", by the exactness of the complex (5.15). We obtain 
that either M = /" or M = T". □ 
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Now we can classify all irreducible finite VK(c))- modules. 

Theorem 6.6. Any irreducible finite W{d)-module is isomorphic to one of the 
following: 

(i) Tensor m,od,ules T{J1,U), where 11 is an irreducible finite- dimensional d- 
module, and U is an irreducible finite- dimensional gld-module not isomorphic to 
f2" = /\" 5* for any 1 < ri < dimO; 

(ii) Images dn^(n, where 11 is an irreducible finite- dimensional ^-module, 
a,nd 1 < n < dime) — f (see (5.f5)). 

Proof. Let V be an irreducible finite VK(0)-module. Then, by Theorem 6.2 and 
(6.9), y is a quotient of some tensor module T{R) = T(n,U). If [/ 9^ fi" as a 
glO-module for any n > 1, then T{R) is irreducible by Theorem 6.5, and in this 

case V ~ T{R). 

Assume that [/ ~ for some n > 1; then T{R) ~ T(n, f]") = T" (see (6.27)). 
Now if n < - 1, = dimO, Lemma 6.12 implies that V ~ T"//". By the 
exactness of (5.15), we get V ~ = dnT(n, f7"). 

Finally, it remains to consider the case when V is a quotient of . Then 
V ~ /M^ where M D due to Lemma 6.11(iv). Now Proposition 5.2 implies 
that V is finite dimensional; hence, VF(i)) acts trivially on it by Example 2.3. So in 
this case V cannot be irreducible. □ 

Theorem 6.7. The irreducible finite W{D)-modules listed in Theorem 6.6 satisfy: 

(i) singT(n, [/) ~ (n (g) k_trad) Kl (f/ (g) ktr) as {H ® qID) -modules: 

(ii) sing(dnT(n,f7")) ~ (H (g. k_trad) ^ (^^" (g) ktr) as {d ® Qld) -modules. 
In particular, no two of them are isomorphic to each other. 

Proof. First, note that if /3 : V — > y is a homomorphism of T4^(5)-modules, then 
its restriction to sing is a homomorphism of (t) ® 0[5)-modules sing V — »■ sing V'. 
In particular, if V and V' are isomorphic, then sing^ ~ singy. 

(i) If T(i?) = T(n, U) is irreducible, then by Corollary 6.6, sing T(i?) = F° T{R) = 
k(g)i?. Now (i) follows from (6.6) and (6.10). 

(ii) By Lemma 6.11(ii), we have: sing(dnT(n, 1^")) = dn(F° r(n, 17")). But 
F°T(n,fi") ~ (n(8)k_trad)^(f^"<H)ktr) is an irreducible (5e£lt0)-module. There- 
fore, dn is an isomorphism from F° T{U, Q") onto sing(dnT(n, fi")). □ 

Remark 6.3. Let R and i?' be two non- isomorphic irreducible finite-dimensional 
(0©5l£))-modules. Using Theorem 6.4(ii) and the same argument as in the proof of 
Theorem 6.7, one can show that the only nonzero homomorphisms of W^(0)-modules 
T{R) T{R') are, up to a constant factor, the differentials dn. 

7. Classification of Irreducible Finite S'(0,x)-Modules 

In this section we adapt the classification results of Section 6 to the case of the 
Lie pseudoalgebra 5(5, x). Our main result is Theorem 7.6. 

7.1. Singular Vectors. Recall that the annihilation algebra S of 5(D, x) possesses 
a decreasing filtration {Sp}p>-i by subspaces of finite codimension, as given by 
(3.20). This filtration is compatible with that of W given by (3.8), (3.11), in 
the sense made clear by Lemma 3.6 and Proposition 3.5. In particular, we know 
that <S C W ~ Wn is a graded Lie algebra isomorphic to Sm, the grading being 
given by the eigenspace decomposition with respect to the adjoint action of the 
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element £ G W described in Definition 3.3. We denote the z-eigenspace by Sf, 
hence, Sp =Y\i:>pSi. Note that we can do the same with the extended annihilation 

algebra S, as £ commutes with We denote the corresponding eigenspaces by 5^; 
then £) C So and Sj = Sj for i ^ 0. 

In analogy with the case of W{'ti), for an <S-module V, we denote by kerp V the 
space of all elements v e V that arc killed by Sp. We denote by kcrV the space 
ker_i V killed by 5 = S-i. Then the module V is conformal iff y = [J^ kerj, V. Any 
S'(t), x)-niodule has a natural structure of a conformal module over the extended 
annihilation algebra 5 = 0x5 (see Proposition 2.1). The normalizer of Sp in S 
was computed in Section 3.5. It is independent of p > 0, and is denoted by A/5. 
Note that Afs = Yli>QSi and S = s_i ©A/5 as a vector space. 

Each kerpV is a module over the finite-dimensional quotient Afs/Sp-, moreover, 
the Lie algebra Ms /Si = ® {So /Si) is isomorphic to the direct sum ® sit). 

Definition 7.1. A singular vector in an 5'(0, x)-module V is an element v £ V 
such that Si ■ V ^ 0. The space of singular vectors kcri V is also denoted by sing V. 

Theorem 7.1. For any nontrivial finite S^Ojx) -'module V, we have singl^ ^ {0}, 
and the space sing V/ ker V is finite dimensional. 

Proof. The proof is the same as that of Theorem 6.1, making use of Proposition 3.9 
instead of Proposition 3.4. □ 

Recall that S'(0,x) is generated over H by the elements Sab defined in (3.5). It 
will be convenient to introduce the notation 

(7.1) d = d + x{d), ded, 
and 

(7.2) Sij = soidj =di® dj -Bj (g)di-l^ [di, dj] , 
where, as before, {di} is a fixed basis of 0. 

Remark 7.1. By (3.20) and Proposition 2.1, a vector v gV is singular if and only 
if 

.Sij*vG{F^H(E,k)(E,HV, i,j = l,...,N, 

or, equivalently, 

Sij *v G {k(g)F'^ H)(g,HV , i,j = l,...,N. 

7.2. Tensor Modules for S{d, x). Let iZ be a finite-dimensional (t)®s[0)-module, 

with an action denoted by pR. Then the isomorphism As/iSi ~ c) ©slO can be 
employed to make R an 7V5-module with a trivial action of Si. For example, the 
action of the subalgebra J) C TV's is given by: 

(7.3) d-u = pR{d)u, deti,ueR. 

Consider the induced <S-module V = Ind^^ R. Since as a vector space 5 = 5® Afs 
(see Proposition 3.8), as an //-module V is isomorphic to the free module H <S: R. 

Definition 7.2. The 5(5, x)-inodule Ind^^ R constructed above will be denoted 

by V^{R), and will be called a tensor module for the Lie pseudoalgebra 5(0, x)- If 
R is an irreducible (5 ® st c))-module isomorphic to 11 [/, then we will also write 

v^(i?) = v^(n,c/). 
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The name tensor module is justified by the fact that, as we wiU show in Theo- 
rem 7.3 below, the S'(c), x)-module Vx{R) is the restriction to S{l3,x) C W{'Ci) of a 
tensor module for W{d) (see also Remark 6.2). 

Theorem 7.2. Let V be an S{d,'x)-m,odule, and let R be a {d ® sld)-submodule of 
singV^. Then HR is an S{i,x)-submodule of V, and there is a natural surjective 
homomorphism V^iR) — > HR. In particular, every irreducible finite S {J}, x) -module 
is a quotient of a tensor module. 

Proof. Since 5 = 0© A/5 as a vector space, and R C sing V, it follows that HR is 
preserved by the action of <S. Then by Proposition 2.1, HR is an 5(0, x)-submodule 
of V. The existence of a natural surjective homomorphism V^iR) HR follows 
from the definition of (R) . Finally, if V is irreducible and finite, then by Theo- 
rem 7.1, singF / {0}, and we have H{smgV) = V. □ 

Lemma 7.1. The unique injection l: S{d,x) ^ W(5) induces an infective Lie 
algebra homomorphism : N's/<Si A/Vv/Wi- The homomorphism satisfies 
C5®kld. More precisely {see (3.29)), 

(7.4) t,(a) = 9-h ^(trad-x)(9)Id, ded. 
Furthermore, em,beds Sa/Si ^ siD as the Lie subalgebra slO C glc) ~ Wo/Wi. 

Proof. By Proposition 3.5, the induced Lie algebra homomorphism i: 5 ^ W is 
injective and satisfies i{S{) C Wi. Hence, is injective. The rest of the lemma 
follows from (3.29) and Corollary 3.4. □ 

Lemma 7.1 shows that 7Vw/Wi = Lf:{Ms/Si) © kid. Hence, every Ms/Si- 
module can be extended to an A/yv/Wi-module by imposing the element Id to act 
as multiplication by a scalar c e k. These are the only possible extensions if the 
action of Ms /Si is irreducible. 

Theorem 7.3. Every tensor module for S(^,x) can be obtained as the restriction 
of a tensor module for W^O). More precisely, for every c € k, V^iR) = Vx(H, U) 
is isomorphic to the restriction of V(n ® kc(^_trad)/Af j U, c). 

Proof. Note that, as an iJ-module, V = V(H ® kc(i(_trad)/Af) U, c) can be identified 
with H ^ R. Moreover, since R C singl^, we have Wi • R = {0}. Then R becomes 
an Afs / Si-module via the embedding from Lemma 7.1. 

We identify each of the Lie algebras d and d with d. It follows from (7.4) that if 
5 acts on n (g) kc(^_trad)/Ar and Id acts as c, then acts on H. Similarly, siV acts 
on U, so the action of D © sit) ~ JVg/Si on R is isomorphic to H Kl t/. 

Then, by the definition of V;^(i?), there is a natural surjective homomorphism of 
5(5, x)-modules 

tt: V^iR) =Vy,(n,U) ^ HR = V . 

The homomorphism tt takes an element u £ R CV^ {R) to the element u £ R C V. 
But V is free as an iJ-module; hence, tt is injective and V^iR) —V. □ 

We will denote the restriction of T(H, U) to S{<),x) by Z^(H, U), and similarly 
for T(n, U, c) (cf. Definition 4.4). Note that by (6.10), we have 

(7.5) T(n (g) k^+c(x-trad)/JV, U, C) = V(n (g) k(Ar_,_c)(x-trad)/JV, U, N -\- c) . 
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Then Theorem 7.3 imphes 

(7.6) Vx(n,?7) ~T^(n®k^+,(^_t,ad)/iv,t^,c), cek. 

Observe that x = tr ad is the only case for which the restriction of T(n, U, c) to 
S{J},X} is independent of c. 

Example 7.1. Note that T(n,17") = T(n, O", -n), because the element Id e fltO 
acts on fi" = /\" 0* as — n. Then it follows from (7.6) that 

(7.7) ^x(n,^^") - Vx(n®k_^+„(^_t,ad)/iv,^^"). 

In particular, we have 

(7.8) Vx(n, k) ^ rx(n ® k^, r!°) - r^{ii ® kt^ad, f^"^) . 

One can use (7.6) for c = to write an explicit expression for the action of S'(c), x) 
on its tensor module V^{Ii, U). First, we note that if we identify T(n ® k^, U, 0) 
with H then d & X) acts on R as c5 (see (7.1)). Then we use (7.2) and (6.14) 
to compute Sij * (1 u) for w G i?. The full expression is too cumbersome to write 
here. Because of (7.2), it is a sum of three terms. The third term is just a direct 
application of (6.14) for dj\. The second term is obtained from the first one by 
switching the roles of i and j. Finally, using iJ-bilinearity, (6.14), and (6.15), we 
find that the first term is equal to: 

{di O dj) * (1 u) = {di (g) 1) (S>H (1 ® {dj + addj)u) 

(7 9) _ ^ _ 

+ {di (g) 1) ®i/ s{dj,u) - ^ (9i ® dk) <^H (1 ® {ej + 6^)u) . 

fe=i 

Recall that A{d) = 9(8)1 + 109 for I). This implies A{d) = 901 + 109 
and 

(9 g) 0ij (/i u) = (1 g) 0i/ (9/i u) - (1 gd) 0// (ft, it) , 
^^■"^^^ 9eO, g,h€ H, uG R. 

Applying (7.10), we rewrite (7.9) as follows: 

(9i 9j) * (1 u) = (1 1) 0H (9j (9j + ad 9j)u) 

- (1 di) (g>H (1 (9j + ad9j» + (1 1) 0// dis{dj,u) 

N 

(7.11) - (1 9i) 0ff s{dj,u) -^(10 dk) 0H (9i {e^ + (5))«) 

fe=i 

N 
fc=l 

When the action of fllO on is trivial, things can be rearranged in a more elegant 
form as follows: 

Sij * (1 u) = (1 1) 0ff (di dju - dj diU — 1 [9i, 9j]u) 

(7.12) + (1 90 0ff (9j 0M- 1 9ju) 

- (1 9j) 0H (9j u - 1 diu) . 

Even though the expression (7.11) is not very inspiring, it will turn out to be 
useful. We state as a lemma the properties that we are going to need later. Before 
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that let us introduce the notation (see (6.15)): 

JV 

(7.13) (iij{u) = dis{dj,u) - djs{di,u) = ^ (didk <8) SjU - djdk <8) e^u) . 

k=l 

Note that aii{u) = 0. 

Lemma 7.2. Consider the tensor S{X},x} -module V^iR)- Then the action of the 
elements Sij G S{'Ci,x), defined in (7.2), on an element l(8>w€k0i?c V^iR) has 
the form 

N 

s^j * (1 ® u) = (1 1) ®H A,j{u) + ^ (1 ® dk) ®H A^j{u) 

k=l 

(7.14) JV 

+ J2 (l®5feft)«)ff A?j(«), 
fe,;=i 

k<l 

where 

A'^j{u) e kO (k + s[0)u, 

A^j{u) e (8> (k + s[J))« + ki8) (k + +5[())u, 

and 

Aij{u) € aij{u) + di ® dju — dj diu 

+ ® (k + slO)?i + k® (k + O +s[J))u. 

7.3. Filtration of Tensor Modules. In analogy with tensor modules for VF(£)), 
one can define an increasing filtration V^iR) of V^iR) = H ^ Rhy 

(7.15) F^Vy^iR) =FP H(^R, p > -1 . 

Note that F"^ Vx(-R) = {0} and F° V-^{R) = k O ii. The associated graded space 
otVM is 

(7.16) gr V^(i?) = gvP VM , gr^ V^(i?) = F^' V^/ F^"' V^R) ■ 

p>-i 

The proof of the following lemma is completely similar to that of Lemma 6.3, so 
we omit it. 

Lemma 7.3. The action of S on Vx{R) satisfies: 

(i) d-PPV^iR) cPP+^V^iR), 

(ii) J^s-FPV^iR)(lFPV^iR), 
(iu)S,-F'>V^{R)cFP-'V^{R). 

Lemma 7.3 implies that each gr^ (i?) is a module over the Lie algebra Ms /Si c^i 
5 ©s[I). This module is described in the next lemma. 

Lemma 7.4. We have 

grf V;,(n, [/) ~ (n ® kp(t,ad -x)/n) ^ (s^' ® u) 

as {0 ® sid) -modules. 
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Proof. Let US extend the slO-action on U to an action of 0[5 by letting Id act as 0. 
Then, by Theorem 7.3, Vx(n, i7) is the restriction to S{d,x) of the tensor W{D)- 
module V(n, U, 0). Moreover, the filtration (7.15) coincides with the one defined in 
Section 6.2. The structure of a (O ® glO) -module on grPV(n, i7, 0) is described in 
Corollary 6.2. Note that this describes the action of 0. Using (7.4), we find that 
acts as n (g) kp(ti.ad -x)/iVj because Id acts as p on ® C/. □ 

The grading of S can be used to endow Vx{R) with a graded module structure 

as follows. Recall that V^iR) = Ind^^ R and S = s_i ® Afs as a vector space. 
Therefore, as a vector space, V^{R) = C/(s_i) R. However, the Lie algebra s_i 
is commutative, because the degree —1 part in Sn is commutative and because 
the isomorphism S ~ Sn is compatible with the grading (see Corollary 3.3). Then 
U{s-i) is the symmetric algebra generated by s_i, and we grade V^iR) by letting 
s_i have degree —1 and R have degree 0. 

By definition, the above grading of V^iR) is compatible with the grading of <S. 
It is also compatible with the filtration (7.15). 

7.4. Submodules of Tensor Modules. In what follows, V;^(i?) will be a tensor 
module for S{i3,x)- We will assume that R — U , where 11 (respectively U) is 
an irreducible finite-dimensional representation of d (respectively sld). 

Recall that every element v (R) can be expressed uniquely as a finite sum 

(7.17) w=^5(^)0t;/, viCzR. 

As in Section 6.3, nonzero elements vj are called coefficients of v, and we denote 
by coeff M the subspace of R linearly spanned by coefficients of elements v € M. 

Lemma 7.5. For any nontrivial proper S{j},x)-suhmodule M c V^iR), we have 
MnF° Vx(i?) = {0}. 

Proof. The action of t) ® s[ preserves both k (g) i? (by the definition of (i?) ) and 
M (because it is an 5(0, x)-submodule). Thus, their intersection Mr]¥^V^{R) 
is a (5 © 5[())-submodule of R. Irreducibility of R implies that this intersection is 
trivial. □ 

Lemma 7.6. For any nontrivial proper S{D,x)-submodule M c Vx{R), we have 
coeSM = R. 

Proof. Take an element v € M and write it in the form (7.17). For i ^ j, we 
compute Sij * v using iJ-bilinearity and Lemma 7.2. Denote by m the coefficient 
of 1 (g) in the expression for Sij * v; then, by Remark 2.2(ii), m € M. By 
Lemma 7.2, we have 

m = aij (f /) mod H R. 

Note that e'^vj for k i, e^vi for k ^ j, and (ej — e-)z;/ are coefficients of aij{vi) (see 
(7.13)). Hence, they are coefficients of m, and we conclude that (sl5)v/ C coeff M. 

In order to show that • f / C coeff M, we look at the degree one part of the 
above element m. Again by Lemma 7.2, it is equal to 

di (g djVi - dj (g) diVj + (g) (k + s[ J)) (coeff M) . 

Hence, the action of 5 preserves coeff M. Then coeff M is a (O ©5[£))-submodule of 
R, which is irreducible. This shows that coeff M = iJ, as it cannot be {0}. □ 
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Lemma 7.7. Let M he a nontrivial proper S{d,x)-submodule of V(R). Then for 
every i j and u G R, there exists an element m € M n ^x(-R) that 

m = aij{u) mod V^iR) , 

where aij{u) is given by (7.13). 

Proof. As coeff M = R, it is enough to prove the statement when u is a coefficient 
vi of some element v € M. Then m is the element considered in the proof of 
Lemma 7.6. □ 

Our next result describes which tensor 5(1), x)-modules are irreducible. 

Theorem 7.4. Let 11 {respectively U) be an irreducible finite- dimensional module 
over D {respectively slO). Then the S {d , x) -module Vx(n.,U) is irreducible if and 
only if U is not isomorphic to il" = /\" 5* for any n > 0. 

Proof. Recall from Theorem 6.5 that the tensor W^(5)-module T(n, is not irre- 
ducible for n > 1. Then its restriction Tx(n., f^") is not irreducible either. It follows 
from (7.8) and Proposition 5.2 that Vy^(n, il^) is not irreducible as well. 

Conversely, assume that (n, U) is not irreducible, and let M be a nontrivial 
proper submodule. Apply on an element m & M satisfying the conditions of 
Lemma 7.7 (for the same i,j). Then for i < j the coefficient multiplying 1 dfdj 
in the expression for Sij * m is equal to (see Lemma 7.2): 

l^{{4-e^r-{4e)+e^ei))u. 

By Remark 2.2(ii), this is an element of M. Lemma 7.5 implies that this element 
vanishes for all w € i? = 11 Kl [/. 

Note that /i = e ■ — , e = , and / = are standard generators of a subalgebra 
of sld isomorphic to s^. We know that h"^ — {ef + fe) acts trivially on R. The 
element h"^ is a linear combination of h"^ — {ef + fe) and of the Casimir element; 
hence, it acts on any irreducible sl2-submodule W C U as a scalar. This means 
that dimVK = or 1; hence, for i < j the eigenvalues of e- — ej on weight vectors 
can only be or 1. 

Recall that every irreducible slO-module U has a highest weight vector, and U 
is uniquely determined by its highest weight (see, e.g., [Se, Chapter VII]). Let us 
denote by Xij the eigenvalue of e- — on the highest weight vector of U. Then 
Xij + Xjk = Xik but all Xij = or 1. This implies that Xi^i+i = Si^n for some 
n; in other words, U is the n-th fundamental representation, which is isomorphic 

to n^-"-. □ 

Corollary 7.1. Let V be a finite S{t3,x) -module, and let R C singF be an irre- 
ducible (?) ® siX))- submodule. Assume that ii ~ E Kl ?7 with U ^ ft" for any n. 
Then as an H-module, HR c:i H ® R. 

Proof. By the definition of V^iR), there is a natural surjcctivc homomorphism of 
S'(Z), x)-modules Vx{R) HR C V. However, by Theorem 7.4, the tensor module 
Vx{R) is irreducible. Therefore, HR ~ V^iR) = H^Ris free as an iJ-module. □ 

7.5. Computation of Singular Vectors. In this section, we will compute sin- 
gular vectors for all tensor 5(D, x)-modulcs of the form Vx(n, J7"), where 11 is an 
irreducible finite-dimensional representation of I) and = /\" 0*. This will be used 
in Section 7.6 for the classification of all irreducible quotients of tensor modules. 
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Proposition 7.1. For V = Vx(n,ri"), we have F° V C singF C F'^V. Further- 
more, if V = Vx(n,k), then singF cF'^V. 

Proof. Let us consider first the case n = 0, i.e., V = V;^(n,k). Let v & V he a 
singular vector written in the form (7.17). Then using (7.12) and if-bilinearity, we 

get: 

*v = ^(1 <8i d^^^) (g)// {di (g) djVi — dj (g) diVi — 1 (g) dj]vi) 
I 

+ ^(1 (g) d'^^^di) {dj <8) uj - 1 <8) djVi) 
I 

- ^(1 d^^'>dj) {di0vi-l0 divi) . 
I 

Assume that v V , and choose / so that \I\ is maximal among those for which 
Vi ^ 0. Then, by Remark 7.1, the element multiplying 1 (g) d^^^di in the above 
expression must vanish. Hence, vi = 0, which is a contradiction. 

Now let us assume that n ^ 0,N, i.e., 17" 9^ k. We proceed as above: consider 
a singular vector v = "^d^^^ ® ?;/ and use (7.14) to compute ,Sy * v. Then the 
coefficient of 1 ig) d^^^ is equal to aij{vi) mod F"^ V. If |/| > 2 and vj ^ 0, this 
contradicts Remark 7.1. □ 

Recall that the tensor 5(1), x)-niodule V = V^{R) has a filtration {F^ V}, given 
by (7.15). If V S V is a nonzero singular vector, we can find a unique p > such 
that V GFPV\ FP-^ V. Note that, by Lemma 7.3, both F*' V and gr^ V are {D © 
s[())-modules, and the natural projection tt^: F'^V ^ gv^V is a homomorphism. 
Therefore, the restriction 

(7.18) ttP : sing V^F^V ^g-i^V 

is a homomorphism of (3 © 5l())-modules. Since -K^iv) ^ 0, we obtain that the 
stO-modules sing V and gr^ V contain an isomorphic irreducible summand. We will 
utilize these remarks, together with the next lemma, to study singular vectors. 

Lemma 7.8. Let V = V^iJi^U), and let U' be an irreducible sld-submodule of 
gi^V. Assume that U' 9^ fi™ for any m, and that dimf/' > AimU . Then the 
submodule 7r^(singy CiF^V) c gr^' V does not intersect U'. 

Proof. Let 

R = Il^U, i?' = (^0kp(t,ad-x)/iv)^C/'• 
By Lemma 7.4, R' is an irreducible (D © s[ c))-submodule of gr^y. If we assume 
that 7r^'(singy fl F^ y) intersects U' , then singV contains a (O © slJ))-submodule 
isomorphic to R'. Now Corollary 7.1 implies that HR' c V is free as an iJ-module. 
But 

dimi?' = (dimn)(dimJ7') > (dim n)(dim J7) =dimi?. 

Therefore, the if-submodule HR' C V has a larger rank than V = H ® R, which 
is impossible. □ 

Lemma 7.8 is a powerful tool for studying singular vectors, when combined with 

the explicit knowledge of the stO-modules gr'' V. It follows from Lemma 7.4 that 
gr^ y is a completely reducible slO-module, all of whose irreducible st O-components 
are contained in S^D (g) U. In addition, since singF c F^ F by Proposition 7.1, we 
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can restrict our attention to the cases p = 1 or 2. Our next result shows a typical 
application of these ideas. 

Proposition 7.2. If V = Vx(n,0"), n^l, then singV c V. 

Proof. Recall that singV c F^V hy Proposition 7.1. We want to show that 
7r2(singy) = {0} (see (7.18)). We know from Lemma 7.4 that 

gr^ y ~ (n ® k2(tr ad -x)/n) ^ (S^ 5 ® fi") . 

Thus, any irreducible s[5-submodule U' C gr'^V is contained in c) (81 f^". One 
can check (see Lemma 7.9(iii) below) that all such U' satisfy dim[/' > dimfi" and 
U' 9^ for any m. Hence, we can apply Lemma 7.8 to conclude that 7r^(singy) n 
U' = {0}. Therefore, sing V CF^V. □ 

Note that the above proof does not hold in the case n = 1 . as one of the irre- 
ducible s[J)-summands in £) ig) fl^ is isomorphic to £) ~ To get a complete 
description of all singular vectors, we need a detailed study of the 5[9-modules 
S^D^Q^ and ^ 0". 

Lemma 7.9. (i) For 1 < n < N — 1, we have a direct sum of sld-modules: 
0" = 0"-i © U', where U' is irreducible, dimC/' > dimO" and U' i± O"* for 
any m. 

(ii) We have a direct sum of SI'S) -modules: ®Q} = 5 ® U" , where U" is 
irreducible, dimi7" > dimO^ = N and U" 9^ O"* for any m. 

(iii) For 2 < n < N —1, every irreducible sld-submodule C 8^9 00" satisfies 
dirnU' > dimO" and U' 9^ O™ for any m. 

Proof. Wc will use Table 5 from the Reference Chapter of [OV]. Following [OV], 
we will denote by -R(A) the irreducible representation of s[J) ~ sIn with highest 
weight A. We will denote by 7r„ the n-th fundamental weight of sljv, and we will 
set ttq = ttn = 0. Note that i?(7ri) = D is the vector representation of stO, and 
i?(0) = k is the trivial one. Then wc have c) ~ i?(27ri) and 

Using [OV], we find: 

i?(7ri) R{TTp) R{tTi + TTp) © R{TTp+l) , 

R{2'Ki) RiiTp) ~ i?(27ri + TTp) © i?(7ri + tt^+i) , 

and 

dimi?(7rp) = 

dim i?(7ri + TTp) = -^{N 

, ^ P fN + 2\fN\ 

dimi^(2.,+.p) = ^( 2 j(J- 

From here, it is easy to finish the proof. □ 
Let us introduce some notation. For a t)-module 11, we set 

(7.19) n„ = n0k_^+„(^_ti.ad)/jv , n' = n0kti.ad-x • 
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Then we can restate (7.7) as 

(7.20) Tx(n,fi") ~ V;,(n„,n"), 

while by (7.8) we have an isomorphism of S'(J), x)-modules 

(7.21) V:rx(n',i7^)-^rx(n,i70). 

Also, recall the Il-twisted pseudo de Rham complex of M^(Z))-modules (5.15). When 
we restrict these modules to 5(9, x), we obtain a complex of 5(1), x)-modules 

(7.22) ^ T^{ii, ^ T^(n, n^)^....^ t^(ii, q'^) . 

Note that the isomorphism ^ is compatible with the filtrations (i.e., it maps each 
F^" to F^"), while dn has degree 1 (i.e., it maps each F^ to F^'+^). 

Theorem 7.5. Let U be an irreducible finite- dimensional ^-module. Then we have 
the following equalities and isomorphisms of (D ® sld) -modules: 

(i) singTx(n, f2") = F° T^{Il, O") + dn F° T^{Il, 0""^) 

~(n„Kio")e(n„_iKf2"-^), 2<n<N, 

(ii) singrx(n, n^) = F° r(n, n^) + dn f° T^{n, n°) + dnV-dn- F° %,{u', n^-^) 

~ (Hi m Q^) © (Ho M n°) © (n_i m q^-^) , 

where we use the notation from (7.19) (7.21). 

Proof Let V = T^{Il,n''). Then by (7.20), V ~ Vx(n„,^]"), and by Lemma 7.4, 
we have an isomorphisms of (0 © s[t))-modules 

grPF~n„_pK(Sfi)(g)f2"). 

In particular, F^V = gr'^V ~ n„ Kl il". Note that the latter is an irreducible 
{d © s[t))-modulc. This implies the isomorphisms in (i) and (ii) above, because dn 
and ip are homomorphisms and because {U.')n-i — n_i (see (7.19)). 

Recall that F°V C sing y C F V, and sing FcF^Fforn^l (see Propositions 
7.1 and 7.2). Since dn and ijj arc homomorphisms of ^(O, x)-modulcs, they map 
singular vectors to singular vectors. Then it is clear that the right-hand sides of (i) 
and (ii) are contained in sing V. 

Next, wc describe the image of sing in gr^ V under the natural projection 

(7.18). On one hand, we have 

7ri(singt/nFV) D 7ri(dnF°rx(n,o"-i)) ~n„_iHO"-^ 

On the other hand, every irreducible si O-submodule of gr^ V is contained in (g) . 
By Lemma 7.9(i), we have a direct sum of stO-modules: 5(8)^" = ©J7', where 
U' is irreducible, dimC/' > dimil" and U' 9^ fi™ for any m. Now, by Lemma 7.8, 
the image 7r^(sing V n F^ V) does not intersect Hn-i U'. Therefore, the above 
inclusion is an equality. In particular, we get statement (i). 
To finish the proof of (ii), we note that 

7r2(singy) D 7r2(dnVdn' F° Tx(n', fi^-^)) ~ n_i K fi^-^ . 

By the same argument as above, this is an equality, because of Lemma 7.9(ii). □ 
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Remark 7.2. It follows from Theorem 7.5 and the isomorphism (7.21) that 

singr^(n, ^ f° T^iu, + tpdw f" r^(n', n'^-^) 

~ (Ho H © (n_i M 11^-1) . 

7.6. Irreducible Finite S{d, x)-Modules. We can now complete the classifica- 
tion of irreducible finite S'(c), x)-niodules. Our fist result describes all submodules 
of the tensor S{X), x)-module T^{IL, fi"). 

Lemma 7.10. Let 11 be an irreducible finite- dimensional d-module, let T" = 
7^(n, and let M C T" be a nontrivial proper S(j), x)-submodule. Then: 

(i) singM = dn F" T"--\ if 2<n<N; 

(ii) M D dnT^-\ if n = N- 

(iii) M = dnr"-\ if 2<n<N -I] 

(iv) dnT'""^ is irreducible for 2 < n < N. 

Proof. Let 2 < n < N, and let M c T" be a nontrivial proper 5(0, x)-submodule. 
Then singM C singT" is a (O ffi s[0)-submodulc, and M n F° T" = {0} by 
Lemma 7.5. Now Theorem 7.5(i) and an argument similar to the one used in 
the proof of Corollary 6.5 imply part (i). Then 

M D H{smgM) = dn(i?(F°r"-i)) = dnT"-^ . 

The rest of the proof of (iii) is the same as that of Lemma 6.12, while (iv) follows 
from (ii) and (iii). □ 

Remark 7.3. Recall that the VK(0)-module T(n, fl^) has a unique nontrivial proper 
T4^(5)-submodule, namely dnT(n, $7°) (see Lemma 6.12). However, the restriction 
7^(n, ri^) of T(n, ri^) to S{d,x) has two nontrivial proper 5(0, x)-submodules: 

dnV'dn'Tx(n', 17^-1) c dnT^iU,n°) 

(cf. Theorem 7.5(ii)). Because of (7.21) and the exactness of (7.22), these two 
5(5, x)-inodules are isomorphic to the following ones: 

dn'T^(n',n^-i) c T^(n',0^). 

Now we can state the main result of this section. 

Theorem 7.6. Any irreducible finite S{d,x) -module is isomorphic to one of the 
following: 

(i) Tensor modules 7^(11, C/,0), where II is an irreducible finite- dimensional £)- 
module, and U is an irreducible finite- dimensional sld-module not isomorphic to 
fi" = A" f * for any 0<n< dimt); 

(ii) Images dn'?^(n, $7"), where H is an irreducible finite- dimensional d-module, 
and l<n< dimO - 1 (see (7.22)). 

Proof. The proof is similar to that of Theorem 6.6. Let V be an irreducible finite 

5(D,x)-module. Then, by Theorem 7.2 and (7.6), V ~ T/M, where T = T^{IL,U) 
is a tensor module and M C T is an 5(0, x)-submodule. 

liU i^QP- as an s[t)-module for any n > 0, then T is irreducible by Theorem 7.4 
and (7.6). In this case, V ^T^{Ii,U). 

Assume that U ~ 17" for some n > 0; then T ~ Tx(n,f)") = T" is not irre- 
ducible. Because of (7.8), we can assume without loss of generality that 1 < n < 
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N = dim 0. Now if 2 < n < TV - 1, Lemma 7.10(iii) implies that M = dnT"-^. By 
the exactness of (7.22), we get V ~ T^/dnT'^-i ~ dnT". 

Next, consider the case when V is a quotient of . Then, by Lemma 7.10(ii), 
we have M D duT^~^. Now Proposition 5.2 impHes that V is finite dimensional; 
hence, S(j), x) acts trivially on it by Example 2.3, and V is not irreducible. 

Finally, it remains to consider the case when V is a quotient of T^. Note that 
dnM is a proper 5(5, x)-submodule of T^; hence, by Lemma 7.10(iii), it must be 
either trivial or equal to duT^- First, if dnM = {0}, then M C dnT° and we have 
a surjective homomorphism T^/M — > T^/dnT°. But T^/M ~ V is irreducible; 
therefore, V ~ T^/dnT" ~ dnT^. Second, if dnM = dnT^, then M + dnT" = 
and we have isomorphisms V c± T'^/M ~ (dnT°)/(dnT" n M). Since the map 
dn : 1"° — >■ is injective, we get that V 2:^ T°/K for some S{d, x)-submodule K of 
T°. This case was already considered above, because of (7.8). □ 

Finally, for each irreducible finite 5(£), x)-niodule V, we will describe the space 
sing V of singular vectors of V. 

Lemma 7.11. Let R be an irreducible finite- dimensional (5 ® sid)-module. Then 
V = Vx{R) is an irreducible S{'0,x)-Tnodule if and only if singF = F*^ V. 

Proof. It is clear from Lemma 7.5 that V is irreducible when sing V = F°V. Con- 
versely, assume that V is irreducible. Consider the grading oi V = U{s-i) (8> R 
constructed at the end of Section 7.3. All homogeneous components of a singular 
vector are still singular, so we have to show that the only homogeneous singular 
vectors in V are of degree zero. If v G sing y is a singular vector of negative degree, 
then the <S-submodule generated by v is contained in the negatively graded part of 
V, which contradicts the irreducibility of V. Therefore, sing V = R = F°V. □ 

Theorem 7.7. The irreducible finite S{Ji,x)-i^odules listed in Theorem 7.6 satisfy 
{see (7.19)): 

(i) singT;^(n, C/,0) ~ Hq Kl [/ as {X) ® si'Ci) -modules; 

(ii) sing(dnTx(n, f]")) ~ n„ Kl O" as (t) © 5{-t)) -modules. 
In particular, no two of them are isomorphic to each other. 

Proof. The proof is similar to that of Theorem 6.7, and it uses (7.20), Theo- 
rem 7.5(i), and Lemmas 7.10(i) and 7.11. □ 
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